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folded plate structures. 
- method for analyzing structures of this type. _ The sequence of matrix opera- 


tions can be readily programmed for a digital computer having available ma- 
trix subroutines. A sequence which has been programmed for the IBM 70 
te 


‘Folded plate structures have gained increasing use and in the 


United States during the past decade. They have proved to be especially 
_ nomical in the construction of long span roof systems. These roofs have gen- y 
“erally been made of reinforced concrete, but in some cases: timber combined 

with ‘plywood sheathing has been used. ¥ Folded plates have also been used for ey 
Bs _ bins, silos, staircases, and floor systems. A description of a number of “p- 

_ plications of folded plates in this country together with information on the eco- © 

ee nomics of ~~ type of construction has been given by Whitney, Anderson, E 
a, Methods for analyzing folded plate structures were first developed in 
in 1930 by and 4 that time there have 
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s papers written | on subject, but no will be made to 
‘olen the most extensive treatment of the subject to date is contained ina aS 
recently published book 7 general approach followed in this 


«gg _ experimental study of an aluminum folded plate that indicated fair correlation a 


determination of stresses, transverse moments, and ver- 
3 4 tical deflections is of primary interest in the analysis of a folded plate struc- va 
q ture. These quantities may be obtained through the development and solution oS és 
: oi a series of linear algebraic equations which are conveniently expressed in ~~ 
y matrix form. Since the amount of computational effort is relatively large for . 


even a simple case, the an analysis can be most effectively carried out with the Ba 
aid of a ag computer for which the matrix formulation is especially suited. — 
Notation.— ~The letter symbols adopted for use in this are defined 


alphabetically, for convenience or reference, in Appendix 


the structure is first carried by transverse slab action to the longitudinal 
¥ joints. The reactions at the joints then resolve into forces parallel to the 

plates and are carried by longitudinal plate action to the _ — 
acting as a longitudinal beam spanning between supports. 


“a = analysis is based on the following simplifying assumptions: aan 
The material is elastic, isotropic, and homogeneous. 


The structure is completely monolithic. 


plates that frame into supporting diaphragms. load applied 


3. Slab action is defined = the behavior of Ge one 


action | may be by the in beam theory; therefore, the longi- 
stresses vary linearly over the depth of each plate. 
_ §. Supporting diaphragms are infinitely stiff parallel to their own plane, * ) 


but perfectly flexible normal to their own plane. 


For purposes of ‘discussion t the. folded plate” ‘structure may be thought to 
eh consist of two systems intimately connected, Fig. 2. The slab system consists . 


strips a are e capable of transmitting shears and moments in a transverse direc- 
_ only. The slab system is supported elastically by the plate system, which 


6 “The Design « of Folded Plates,” by E. Traum, Proceedings, , ASCE, Vol. 85, No, wigs 8, 
7 “Prismatic and | Cylindrical Shell Roofs, by Yitzhaki Haifa Science 
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_ for a given external load, Fig. 2(a), may be obtained by the eee « of 
the loadings shown in Figs. 2(b) and 2(c) 
Rh In Fig. 2(b) imaginary supports have been placed under the a 
ies joints of the plate system so that the external load is carried entirely by the 
& way slab system. The transverse moments many be readily obtained by 


mitting only forces in its own plane. The analysis’ of a folded plate structure a 


‘ ‘moment ¢ distribution and the resulting reactions, Rp Re, and Rg, may then be | 
found by - equations of statics. This procedure may be followed in cases where | 
4 the distributed external loads in each transverse span, shown in Fig. 2(b), have 
Re similar curves of longitudinal variation between end diaphragms. Where this 
ae.) not true each transverse span loading must be treated independently. + 2a 
7 The loading shown in Fig. 2(c) will, therefore, be assumed to consist of 
vertical line loads having similar curves : of longitudinal variation between end 
me diaphragms. , Note that this includes a possible zero value at any of the joints" f 
pa a in combination with a given longitudinal variation at the other joints. The re- 


a mainder of this paper will be concerned with the response of the structure to 
ma 6€=—Stsétheesee:‘veerrtical line loads. The loads Rp, Re, and Rg (Fig. 3(a)) are partially — 
™ taken by the one-way slab strips 3(b)) and by the 
plate (Fig. 3{c)), such that 


1 may be written, in an: abbreviated 
which ‘the ‘underlining ‘indicates that the symbol a matrix. 
g ee: _ The sum of the loads taken by the plate system must equal the sum of t the 
loads applied to the combined system, since the plate: system is the only sys- 


RP + RP +RG=R, +R, + 
* ‘Therefore, the loads taken by the slab system must form a self equilibrat- - 


The division of the total load between slab and plate system must be such as» 
_ to produce the same displacement in the slab Slab system and the plate ‘System at 5 
Initially, the solution for the plate system and the slab system will each be 
_ treated separately. The basic equations for each system will be developed in — 
matrix form and subsequently these matrices will be combined in such a man-— a 9 
ner that the above criteria of equal joint displacements are satisfied. The final c. a 
will yield ‘matrices longitudinal stresses, vertical deflections, 
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and transverse moments due to any combination of line loads applied 


* As a typical case the structure shown in Fig. 4, which has a simple span ie 
will be considered. The structure has four plates, each of different thicknesses — 


> SS joints b, e, and d are subjected to vertical loads having different in- 
- tensities: Ry Re, and Rg at a given distance from one of the end diaphragms. 
All three loads have similar curves of longitudinal variation. The vertical — 
- joint loads R and the vertical joint deflections 5 will be considered positive — 


the plates Shown in Fig. 4 are assumed to have zero flexural stiffness 
+ "normal to their own planes, the entire load will be carried by membrane ac- 
tion. The load intensities, RP, at a given distance from the support, which are. 


Longitudinal Stresses .— —In this section a matrix will be developed defining 
the longitudinal stress 0 at each plate edge produced by | a given set of RP loads Be 


6.—FREE BODY TYPICAL PLATE 


The RP loads be resolved into plate loads P, which are loads parallel 
to each plate. This may be done with the aid of force triangles for unit verti- - 
cal loads such a as shown in Fig. 5(b). A force transformation matrix B may 
ba ‘then be written defining the plate loads in terms of the vertical joint ‘loads. a 
Detailed makeup matrix, as well as others 8 developed 


the example in the appendix. — 


ished b successive 
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be 
4 
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— by 
— 
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| 
of each element in the B matrix should be taken accordingly, 
al 7. A free body diagram of a portion of a typical plate (plate 3 in this case)is pee 
shown in Fig. 6 with al 
and bottom edges of 
at =. direction a-b-c-d 


and Tq are longitudinal shears’ per unit ength on on and botto 
a8. Ng and and Na are fo forces normal to the cut ut section that that are defined by 


Qo3 03’ and | M, — 

the plate spanning between diaphragms ‘is subjected to the plate load P3 alone. pe 
Theterm Pg has the same as RP and the bending moment 

“may be e: be expressed 
Mo3 3 = Cg 


versus x curve will be similar in | shape to the Vo versus xcurve. an 
‘The stress at the top edge, yo is positive v when it is compressive and the — 
cd? 
tress at the bottom edge, Cgc, is positive when it is tensile. ‘The o versus x 
. curve will be similar in shape to Mp versus x curve. Formulas: for these — 
stresses, obtained by the elementary beam theory, ar are 


--versus x curve will be similar in shape to the M, versus x curve and the T : a 


3 (N + (4/bd)3 

in which So and Sy are matrices that are functions o of the width b and 


each plate. | Using the established in Eq. 5 be between the plate 
lo 


ads and the vertical joint loads, Eq. 9 may be written as 


The « only ly unknown quantities on the right hand si side of this , expression are fine 7 
+ _(N/Cg )v values at each interior joint of the plate system. These may be found © 
noting» that the sum of the stresses at each interior joint mast 


— 
— 

whicn g CONS th 1uUncuon Of Span ali Oa ASUPIDULION. or i 

at midspan of a simple Span this constant has the following values: Cg 

* L2/8 for a uniform load; Cg for a first harmonic sine loading in _ 

which is the maximum load intensity; and Cg = L/4 if Pg isa concentrated 
‘| 
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ia 
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in which, and Dw are obtained adding the proper 


ignated as an ADRO matrix. For example for the case shown ii in there 


are four ‘plates and three interior joints so that 


"obtain a a final relationship between tengtintion! stresses at the plate edges and 


is the stress” ‘matrix for system and is a function of only the ¢ di- 


mensions and geometry of the folded plate structure cross-section. ~ 


Vertical Joint Deflections .- —In this section a matrix will be developed de- 
= ‘fining the vertical deflection, 6 at each interior joint produced by a "M4 set 7 
of RP loads . This matrix will be designated as the flexibility matrix, F for 
_ the plate system. The inverse of this matrix will be designated as the stifiness a: 
= Kp plate = defines the load RP at each in- 
terior joint prodaced a given set of vertical joint deflections 6. 
_--' The vertical deflection 6 at anyinterior joint can be expressed in sais of 
‘the plate displacements v of the two plates adjoining the joint. The latter dis- 
placements" are parallel | to the plates and will be considered ‘positive 1 when nin 
the direction a - b - = d-e. Using a Williot diagram, Fig. 7(a) depicts the 7 " 
real displacement, cc',ata typical joint that results from plate displacements _ a 
v2 and v3. , Fig. ‘T(b) indicates a free body diagram of joint c subjected toa 
virtual force system in which Bac | and B3c are forces fF parallel to plates 2 and 
3 respectively and are equal to similarly designated quantities in the force 
Bey ys matrix B of Eq. 5. All quantities shown | in Fig. Ta) and ieivadl 
: Re Applying the real displacements in Fig. 7(a) to the virtual forces on joint c 7 a 
in Fig. 7(b) the total virtual work must equal zero. 
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A similar expression m may be written for each joint s so o that 


i which the displacement transformation ‘matrix G is equal to the transpose 
; _ of the force transformation matrix B of Eq. 5. Neglecting shear deformations as 3 
_ a typical plate displacement v3 ead 8) 7 a given distance x from the Support 
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FIG, 8,—PLATE DISPLACEMENTS 


isa ordinate, usually the maxi- 


and 


4. 
— 
| 
— 
— 
— 
— 
4 ithe 
— 
— 


Substituting these values into Ea. 18 


equation to "Ea. 20 may be written 


= v= Cp[Fo P+ N/Cs|.. 
in hich Fo and Fy are matrices that are functions of the width b, depth d, and 
modulus of elasticity E of each plate. Since P and N/Cg have 
expressed in terms of RP by Eqs. 5 and 13 respectively, these eeeeeuiastl 


the plate system may now be written; 
im 


— 
vfrom(3.1) .. 


BT [Fo B - Fy RP. 
“= Fo DN Pol. 


(22a) 


Fp and Kp are, the flexibility and stiffness 
"matrices for the plate system and both are functions only of the dimensions 
geometry oft the folded plate structure (Cross section and the modulus 
a substituting z the ae of RP from Eq. 24 into Eq. 15 the longitudinal — 


7 


Fig. 9(a) shows a typical slab strip o of unit width that been taken from By 
the slab at a distance from an end diaphragm. The: slab strip is 
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‘ — * A given set of RS loads and transverse moments m are associated _ 


with a given set of vertical j joint deflections 6. 4 
Transverse Moments .—In this section a matrix will be defining 


the transverse moment, m, at each plate edge produced by a given set of ver- 
tical joint deflections 5. This matrix will be designated as the moment ma- J 


Fig. Fig. a free diagram of a span of the slab strip 


3: in with shown acting in a ‘positive direction. The 


Mog = 2E I </d 2 66 


is the chord rotation _ A pair of equations 


6 
The» joint rotations 6 may be found in terms of vertical joint deflections 5 by 
noting that the algebraic sum of the at each must 


— 

a moment at each end of span 3 can be expressed by the Slope-deflection equa- — 
— 

whid 
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| 
PLATE 
which D De and Ds obtained by | adding the proper | ws of the. K, and Ko 
matrices in Eq. 27, or by multiplying the latter matrices by the ADRO matrix i 


- of Eq. . Eq. 28 may be solved for @ and the result | substituted back into Eq. a 
27 to obtain a final relationship between transverse moments at the plate 


Dy Ds 


= 


aoe 


is “the oy matrix for the slab system and itis a function h only of the Fi 


geometry and dimensions of folded plate structure c: cross ‘section and th 
modulus ofelasticity. 


all Vertical Joint Loads Taken by Slab System.—The vertical joint load RS at 


4 each joint can be computed in terms of transverse slab moments, m, at each 4 


plate edge using equations of statics. For example, on 


One Similar to Eq. 32 m may be v written for each interior joint so 


‘The H matrix is a function of the horizontal spans h of the transverse — 
Ye pmo, . Substituting the value of m in Eq. 31 into Eq. 33 a final ‘relationship _ 


7 between vertical joint deflections and loads taken by the slab names! may | be 


letting 


s is the | stiffness matrix for the slab —— _ While a single vertical 1 joint 

‘deflection will produce a set of R § loads | in equilibrium, a set of vertical j joint 


deflections cannot exist for a single R® joint. wre since the slab st 
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ented | in Fi Fig. 4, is to ‘replace | the given longitudinal distribution of the verti- 
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Fourier series representation of the actual mating. A loading has 
the property that it produces R versus x, RP versus X, V versus X, 0 versus x, 
RS versus x, m versus x, and 6 versus x curves of the same shape. For ex- b 
a the first harmonic is a single sine wave. Each harmonic is — “A 
Ps in a similar manner, and, therefore, only the first harmonic will be opie 
Recalling Eq. 2 and the requirement that the plate system and the 
ng r by 


tem must have the same vertical joint deflections, the 


be written for the combined system. were Eq. 2 


- inwhich values for RS and RP are obtained from Eqs. 36 and am , respectively. 

a ee 4 


s 


in which F = K~! _K and F are, respectively, the stiffness and flexibility ma- 


for, the cx Combined ‘system under a harmonic loading. For: a first har- 
monic c;} = 14/L4 and R and 6 are the maximum ordinates of sine curves. a 


. Thus, to analyze the folded plate structure in | Fig. 4 for any set of harmonic — 
‘vertical joint loads R, Eq. 40 is used to compute the vertical joint deflections — 
3 and then ap ta and 31 are used to compute longitudinal plate stresses, 9, 


nies 
of Matrix Operelions Harmonic Loading.—The entire sequence 
} “of matrix operations can be readily programmed for a digital computer. In a 
mh general case a folded plate structure will have n plates, j interior joints, and 
will be subjected to q different combinations of vertical joint loads. To re 7 
=— the steps required for a first harmonic loading on a simple span 
are listed below with appropriate remarks. Detailed — nal = input ma 


is illustrated in the in 
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js the 
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R) End of input = 


— 


jxn = = transpose of 

jx tput - exibility 

matrix, plate sys- 
jxj Output - stiffness: 
matrix, , plate 


© 


8. 


wo ww 


Output -— moment 
4 matrix, slab sys-_ 


— . 
— 
— [Fp] = [6] [FoB - FyDj 
a 
25 [K,] = [Fp] 
4 
a K gD, 


matrix, ‘slab sys- 


matrix, combined 


- midspan 

joint deflections 

- midspan 

moments 


sults for second, third, and so on numbers of harmonic load- 2 
7 


. ings only steps 33 to 40 have to be repeated using new values of c.. Cp, and 
R corresponding to the particular harmonic. Input matrices” in steps 1 to 9 
and matrices computed in steps 13 to 32 are functions of only the dimensions 
COMBINED AND SLAB SYSTEM; NON-HARMONIC | LOADING 
While the method described in the preceding section is generally applicable g : 
F any y loading, the number | of harmonics necessary to represent a given load- 
ing may re excessive in certain cases. An alternate pinnae —— by 
Yitzhaki,? offers definite advantages in these cases. 
For simplicity of discussion let the beam of Fig. 10(a) vepeeeeeh,.seee- 
bolically, an entire » of the combined plate and 


slabsystem. 

oo The loading shown in Fig. 10(a), in this case a set of concentrated om 
tical joint loads R at midspan, is obtained by the superposition of those shown 


_ i a 2. In Fig. 10(b) the entire load R is assumed to be taken by the plate sys- a 


tem alone acting as a membrane structure. Longitudinal stresses 0, and ver- 


tical joint deflections are computed. 


; poe. _ The deflection curve in Fig. 10(b) « canbe closely approximated by a first hy 
} harmonic sine wave. Thus, in Fig. 10(c), the harmonic load Ry and the trans-_ ia 


_ verse slab moments m1, both resulting from this deflection curve being ap- 
plied to the slab system alone, are computed. 
4. In Fig. 10(d), the harmonic load R, is applied to the combined plate and _ 
slab system and 92, m2, and 52a are ed in the 


A gu 

q 
“4 
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+ given loading rather than the loading it 


LATE EQUATIONS ; 


5. Thus, ts final values for the loading in Fig. 10(a) are obtained er 


| 


ate 


of Matrix for Non-Harmonic Loading 1 to 35 
are exactly the same for this sequence as for the harmonic loading with the a 
that in steps and 10 two constants are input rather than one. 


is the ‘stress constant for * given loading; such as 


conc entra 


is the deflection constant given 
13/48 for concentrated load at midspan; 


for a uniformly distributed | 


P 


C 
Fo] * Cow [F 


q 
— self 1 
— 
| 
— | 


puter “The | program been made applicable to a structure composed of any 
_ number of plates up to 24 by adding to the input data the number of plates, 3g ; 
] number of interior joints, j, and the number of loading conditions, q. The pro- ye 
x gram then ‘computes the necessary addresses and storage space required for 


the matrix sizes involved in ‘the analysis. Numerous examples have been 
a solved using the computer. As an illustration of the above procedure a simple a 


example is given in Appendix I in which numerical values are given | only fo for ; 
the and answers for 01, m, g, , m, and 56. 


5 "stresses, transverse moments, and vertical deflections in the typtoal case of 
4 a simple span folded plate structure with free longitudinal edges. However, 
the method can be applied, with proper modifications, to cases involving other | 
boundary conditions. Certain modifications are also necessary when the struc- 
= contains interior vertical plates. Advantage may also be taken of sym- 


metry or antisymmetry, in cases where they exist, to decrease the amount of 
computation. Some of the advantages of the matrix procedure developed are 
It can be programmed for a digital computer, | 
Sle The basic matrices are functions. only of the geometry and dimensions | 
of the folded plate structure cross section and the modulus ofelasticity. Thus _ 
need not be recomputed for each different loading condition 
. ae The analysis of the plate system and the slab system are separated sO. 4 
ng that the effect of changes in slab thickness or in span length for a particular : 


folded plate equations, which were developed in matrix form in this vom 
per, are based on the regarding slab and longitudinal 
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x 
generally used in ‘this of analysis. Amo more precise 
sis based on the > theory of of elasticity ci can in matrix form. 


The 
Baron and Ray Clough for their review of the paper. 


APPENDIX. 


direction. The procedure used is that described in the section on 1 “Com- 

bined Plate and Slab Non-Harmonic Numerical values are 


BD — only el for input and i final a answer matrices and kip and feet units are used 
- throughout. In this example there are our Pp ates (n= ree interior joints | 
= ; h In thi ple ther fo lates (n = 4), thr te 
* 3), and one loading condition(q=1), 
- mention and Loading.—simple span L = 60 ft, plate thickness b = 4 in. 
= 1/3 ft for all plates, modulus of elasticity E = = 432 x 103 ksf. 


‘Bab Bac (0 


00 


— The following 
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steps 2 and 3: Su and 180 in Ea 


(6/ba 


0.8 500 


0,500 1,000 | 


0.070312 


2 


0.162759 162759 0. 


0.289352 0. 289352 


2.604166 


— 
— 

— 
eee (6/bd2),| — 
EC 
0 v= Cp| Fo P + Fy (N s) | 


(arate 


: 
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0.048225 


7 and 8: Kg ar and Ks in Eq. m = Kg 6+ 


-39. 0625 39 0625 


6@ 


att 
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ed with an asterik are zero for a ee oe, 


9 9: in Eq. S . im 


0.078125 138889 -0. 
0. 138889 0. ‘oases 


= 450. 80.000 


=168750 
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Steps 37 and 47: Longitudinal S 


st 


EQUATIONS 


10 : 
Steps 41 and 48 Sings Ai and moments 


: 


eps and 49: "Vertical 


“An symbol represents a 


= plate depth b between longitudinal edges; 
transverse slab moment at a plate edge; 


— 
— «Si 

— 
— as 
— 
— 

— 
> 
— 
ate 


distance froma support along length of plate; 
= deflection constant, 


modulus of 
= moment 0 of inertia of a plate = = bd 
= moment of inertia ofa unit width of slab = 
pe, 
= span; 
= total plate moment; ‘ 


on 


= plate load (parallel t toa plate); — 


= plate end reaction due to P alone; 


= vertical joint load taken by ssaiiians plate and sl 


Seasons joint | load taken | plate system; 


vertical joint load taken by slab system; 
= longitudinal | shear per unit length along plate edge; 


plate force due to P alone; 

_ = longitudinal stress at the plate ay and 


= joint rotation in transverse slab system. -_ 
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TEST OF A RIVETED ‘PLATE ‘GIRDER 
_ By Desi D. Vasarhelyi, 1M. ASCE, Jim C. Taylor, cc 
Naresh C. Vasishth, 3 and Chia-Yao Yuan# 


: ~ detailed record of the experimental results _ obtained from tests on a 
jae full- size riveted plate girder with a web plate thinner than that required un- a 
_ der the present design specifications is reported herein. 4 
Both the web- buckling phenomenon and the diagonal-tension phenomenon of 
the web plate | under load were carefully observed. Comparison was then made 
between the computed buckling loads and the values determined from experi- 
mental data. Particular emphasis was laid on the behavior of the web after 
_ being loaded beyond the conventionally termed “buckling load”, with a view to 
: "evaluating the importance of the buckling of the web with respect to practical a 
design. Study was also made on the change in the shear-carrying behavior of _ 
_ the webafter buckling occurred and onthe ability of of the web to to withstand loads 


Note. March 1961, Separate discussions should be 
mitted for the individual papers in this ‘symposium, To extend the closing date 
* “month, a written request must be filed with the Executive gt ASCE. This paper — 


Dominion Bridge Co., B.C ., Canada, 
3 Engr., Moffett, N: and Taytox Portlans, 


— 
fb 
Proceedings of the American Society of Civil Engineers _ 
— 
— 
p Society of Civil Engineers. Vol. 86. No. ST 10. October. 1 
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of the of this girder was carefully 
results are reported herein. Particular emphasis has been to the 


and Scope. —This test to inventignte 
qT effect of a thin web on the load- -carrying capaicty of a plate girder. A rea-_ a 
sonable amount of information was also obtained concerning» the behavior of | 
‘The test specimen, with the exception of the thin web, was typical of many 
- of the riveted plate girders in common use. Much of the testing procedure 
: a was governed by the behavior of the web. At the conclusion of the test, se- 

lected sections of the flange were cut from the girder and 


a 


ered during the testing procedure. 

Buckling of the Web Plate. in some (10), 

- (11),5 and in observations made in this experiment, the web plate of a plate 
_ girder does not behave exactly in the same manner as a theoretical, flat rec- a’ 


: _ tangular plate of the same material and dimensions, when being loaded to the <— 
% _ The theoretical buckling stress of a flat plate is defined as the stress at is 
an exchange of stable equilibrium configurations occurs | between the 

straight and the slight bent form. It marks the region in which continued = 


- to the plane of the plate. Its importance lies in the fact that buckling initiates 
physical processes that lead to the eventual failure | of the plate 
_ In comparison with the theoretical, flat rectangular plate previously n men- 5 aid 
tioned, the web plate of a plate girder aenaven quite differently when the gir- me 
ie der is under load. Because it is impossible, under ordinary fabrication con- a My 
_ ditions, to keep the web plate absolutely flat, the presence of small initial cur- - 
-vature will cause the web to deflect laterally as soon as the load is applied. a. D 
ee The rate of deflection increases as the load increases until a point is reached ; 
_ at which the rate of deflection begins to decrease. Physically, this point marks © 
the transition from a shear resistant web to a diagonal tension web, ts 


_ If we assume, for the purpose of approximation, that the web plate is free 


ame initial imperfection, then the web plate must be approaching a state ~ 
instability when this occurs; otherwise, the change in the shear resisting be. rs 


ae havior in the web would not have resulted. We can, therefore, say that the 
load at this point is synonymous to the buckling load of the web. ‘eet eed 


- Accordingly, in describing the significance of the buckling load of the web 
. "plate of a plate girder, we can say that it represents the point of transitionin 
a ie the shear-carrying action of the web from a state of pure shear resistance to ae: 
a A state of incomplete diagonaltension. 


Method of Estimation of the Buckling Load by Using the Theoretical For - kK 
mulas. —Due to indeterminate nature of =e restraint on the web 
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PLATE GIRDER» 


web plate, anc and between the vertical stiffeners and the he because of 
complexities of the bending and shearing stress distribution along the four _ 
_ edges of the web plate, there does not seem to be an exact analytical method — 4 
_ for computing the buckling load of the web plate of a plate girder. i ae " 
| According to Timoshenko, (1),(9), the web-plate buckling can be analyzed — 
by considering the following three cases of loading: 
. part « of the web between the two stiffeners can be considered as a . rectangular — 
subjected to the actionof uniform shear; 
* a b. At the middle of the span of the plate girder, the shearing stresses can 
be neglected in comparison with the ‘normal stress; then the part of the web ia 
between two stiffeners is in a condition of pure 
See In the intermediate cross sections, , there is ¥ combination of normal — 
to the supporting conditions at the boundary, we can tell intuition that 
it must be an intermediate case between simply-supported edges and clamped 
3 edges. Timoshenko suggested that for design purposes all four edges of nail 
web plate could be considered as freely supported, because this boundary a 
_ dition would yield : a more conservative result and hence insure that thedesign 


7 The assumption that the bending stress is constant between two ‘stiffeners 
_ at the edges of the plate is a further simplification, since these stresses vary * 
along the girder with the bending moment. However, to permit a solution of 
the buckling problem without undue complication of the analysis, the simplifi- — 
vi ea cation of the loading condition is the first step necessary in dealing with the > 
stability of the web plates ina plate girder, | 
General Formulae for the Buckling Stress .—This discussion will be con- 


fined to the critical stresses for elastic buckling. _ The general expression wel 


To 


in which is the critical bending siress, T. refers 's to the 
a stress, t denotes the thickness of the plate, “bi isthe width of the plate, and | 
7 Sate, the elastic buckling coefficient. The value of the elastic mucking 
(K), is dependent upon the aspect ratio loading, 
computed, and tables giving values of K corresponding to certain ranges oe 
the aspect ratios of the plate are available. -Howev er, due to the large variety i 
of cases of Loading and boundary conditions, the information is by no means a 
- complete. Values of K, covering various cases of loading and boundary con- a 
ditions, are given by Bleich (2). For plates subjected to uniform aang - 


stress on four edges only, ‘Paul | Kuhn, (4), gives an empirical formula. wig 
Post-Buckling Phenomenon.—The post-buckling behavior of the 
plate of a plate by and others in the theory wail 


— 
> of loadings and different boundary conditions can be givenas 
— 
— 
| 
ag 
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incomplete diagonal tension in a series of papers published by t the National M 
Advisory Council on Aeronautics (NACA), (4),(5),(6),(7),(8),(39). 
“i ea As the applied lo load increases and buckling occurs, the principal tensile 


stresses increase ‘rapidly. and undertake to carry most of the additional shear Oat, 
in truss the principal stresses increase ata 


7 protien however, most of the additional shear is carried sgh truss action. — 
‘The main physical characteristic of the diagonal tension action that ¢ can n be a 


_ stresses in the direction of the stiffeners as well as the flanges. ‘The vertical 


effective width of the web. This accounts for the appearance of axial com- | 
We pressive stresses in the stiffeners at the buckling of the web plate. In the 
_ same manner, the diagonal tension may produce some secondary compressi e 


u ‘ 4 compression is assumed to be resisted by the stiffener together witha certain 


+ beam, but i is Pot Or of components that are connected by an elastic — ng 
y um, namely, the rivet. Both the elastic properties of the rivet, and the rivet — M 
_ hole itself, affect the distribution of stresses in the beam in a somewhat un — 
~ certain manner. The solution of the problem in the past has been to treat the 
girder asa solid beam, and to — one of the standard procedures for de- - 


en are several opinions : as to how far r cover plates should extend past their. ox B 
Design of Specimen.—The design, workmanship, and material of this gir- 
der was in compliance with current. American Assn. of State Highway Officials — 
_ (AASHO) specifications, with several exceptions. For - one half of the e girder Py 
a 1/4-in. web was used, while on the other half, the web thickness was 5/16-in. 
_ The spacing of the vertical stiffeners has been so determined that buckling | 
a will occur sequentially during the test, rather than maintaining a spacing to ‘ 
= comply with the specifications. Based on the expected buckling loads for the a 
web, the flanges were designed for a total two- -point load of 350 kips. at basic 
design stresses. In computing the resisting -moment of the section, the net 
section was used with rivet holes in both flanges deducted. Since the top flange 
; =. to be fully supported, | the compression stress in the top flange did not = 
Bei _ govern the design. At the end of the girder, with 1/4-in. thick web, the cover 
plates were extended 12 in. past their theoretical cutoff points. _ At the other 
en nd, , with 5/16- in. thick web, they were extended far enough — to. accommodate 
a sufficient number of rivets to develop the computed initial force that the 
ais had to ‘support at the theoretical cutoff point. _ The — dimensions © 
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000 -Ib Baldwin 
machine at the of Washington, Seattle, ‘Wash. ‘The general 
a _ arrangement of the test is illustrated in Fig. 2. The top flange of the girder 
_ - was supported by bracing frames at seven points along its ag, | while ir 
bottom flange was supported at the ends and at the center line. ei i. 
= ‘The location of all strain gages is shown in Fig. 1. Sev enty type A-11 SR4 a 
gages were used. Strain gages on the stiffeners were placed at mid-height on > 
_ the edge of the outstanding leg of the stiffener angles. These gages were _ 
ia at symmetrical positions so that by averaging the readings in the oa 
_ gages, any possible bending effect — in the stiffeners could be elimi- 


GENERAL PROPERTIES OF THE GIRDE 


| 56 ft - - 0 in, 
2-38 6 in, x 6 in, x 3/4 in., 3 cover plates : 14 in. x ae ie 
38 ft - 8.1/4 in, 
_3, 23 ft - 10 


1/4 in, x 74 in. and 5/16 in.x74in, 


stiffeners 1/2 in, x 5 5 in, x 3/8 in, 


Yield stress 36.9 ksi 
Cover Plates 39.4 ksi) 


"Moment of 90,930 | 

3/4 in @: holes 11/16 in. Reamed 13/16 in od 


a Prom ou tests as | shown in n Table 
Vertical deflection gages were placed along the bottom of the girder, 


d-span, at "stiffener ‘points: and at each end of the girder. gages used 
oo 1/1000-in. dial gages; the general arrangement is shown in Fig. 1. ‘The a 
deflection gages at each end of the girder served to any settle-— 


‘For the measurement of lateral deflections of the a special fixture = 


was used to hold the dial gages against the web. Both 1/10,000-in. and 1/1000- 


At three selected points, 0.0001-in. dial gages were > mounted | directly to the 
flange to measure the “slip” or relative motion at the ends. of a cover plate. 
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These ga s were isinliedes in pairs, | one gage on each side of tien plate. nore 
The top flange and one side of the girder was sprayed with a coat of “white- — . 
wash” , So that yielding at any point could readily be detected. 


s used (42) . Samples of contour plots thus ‘obtained are shown 
_ ‘Test Procedure.—In general, load was applied to the beam in 20-kip incre- ae 
ments, and all gages were read immediately after each increment was added. = ; 
ie The , maximum load applied was increased by 60 kips each day a test was run, im 
= when certain panels of the web buckled to the extent that yielding was 


indicated and had to be ‘stiffened before more load could be added. Loading 


this load, it became apparent that the capacity of the web: was and 
_ since yielding was also observed at many places along the flange, nofurther 
— a was added. The girder was, however, tested in the working range (0-350. 
kips) after being subjected to the maximum load. 
Observation of web deflection was concentrated first on the end panels and ai 
<3 the rest of the 1/4-in. web panels. In order to measure very small deflections cal 
a small loads, the 1/10, 000-in. dial gages were used first; when the deflec- eS os 
tion became larger, 1/1000- -in. dial gages were substituted. _ Occasionally the ~ 
loading was removed in order to check for any residual deflection in the plate. oy 
«ie < In order to make sure that the point of maximum deflection of the web panel a 4 
_ had been detected, the measuring fixture with five dial gages was used first. 
a The five dial gages measured the deflections at five equidistant points | 
os: ing the one at the center) along the vertical line at the middle of the panel. 
_ When plotting the deflections along the vertical center line of the panel to scale, — 
; it would be apparent where the point of maximum deflection was located. It 
was found that this point was usually very close tothe center of the panel. ‘When © 


; ‘kpee, two or three dial gages were placed around the center of the panel at an A 
distance of 2 in. to 3 in. apart. ‘This ‘method usually took care the 


eo Due to the different thicknesses of the web plates, failure of the thinner web 


4 would be no 0 opportunity to observe the 3 yielding « of the thicker web p plates. In 
order to avoid such an early failure of the girder, failure of the weaker panels ae * 
eo was prevented by the addition of boltedstiffeners in the panels concerned. The 
angles used forthe stiffeners were of the same cross sections as the interme- oe 
diate stiffeners’ (5 in. x 34 in. x 3/8 in.) and were 62 in. long, so that they fit | “on : 


vay between the top edge of the bottom flange angle and the bottom edge of the “te 

8 top flange angle, with a clearance of 1/4-in. on each end. One pair of stiffener 

me 


angles was attached to each side of the web plate with 3/4-in. high tension bolts 
- which had the same spacing as the rivets on the intermediate stiffeners. The a 
bolts were tightened by the one-halfturn method. aia 4 
At the completion of the test, selected portions of the flange were cut from a 
the girder and saw cuts were , made through the rivets. _ The clearance se 
_ the rivets and the holes was measured and some rivets were removed for in- | 
spection. The clamping force exerted by the rivets was also measured by plac- 
| _ ing a strain gage on the rivet before removing it from the flange. er et 
= of Stress and Strain. .—The measurement of strain ina 
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th the case of a riveted structure, biaxial and triaxial stress conditions are a 
_ known to exist in the region of the rivet holes, although at points away from the - 

_ rivets a uniaxial stress field is approached. However, even if the gages were e 
located far enough from the rivets to be in a field of uniaxial i 
would be ‘some doubt as to what gages 1 located on the e net section, through a a 
of rivets, measured in terms of the average stress or strain on that section. 
There would also be some doubt as to how far from a rivet the stress distur- * 

‘To establish a correlation between the ‘strain and the average 

“? stress on a section, a specimen having the same dimensions and hole pattern a 

asa typical section from the girder cover plates was tested under axial ten- a 
; a 5 sion. By locating gages On this test specimen at the same relative position as a 


on the girder cover plates, a a relation between the average stress in the — 


and the measured strain was obtained. 


a All a and curves presented herein are plotted on the basis of preerng 


inches per inch. s Where theoretical lines or curves have been shown for com-— 
parison with the experimental results, a modulus of 30,000 ksi has been as- 


| 


an n equivalent applied load and adding it to the load applied through the testing 7 
_Where the total load” is given herein the previous conversion 


"noticed from the beginning of the tests that the web plates of the iets. —R wee 
_ started to deflect as soon as the load was applied. This might be due to the | : 
_ presence of initial curvature in the web plates, which could hardly be avoided — 
- during the manufacturing procedure. 3 Table 2 shows the values of these initial 
as measured prior tothe application of any load to thegirder. How- 
_ ever, thedirection of the lateral deflection of the web plate ¢ did not necessarily : 
follow the direction of the initial curvature. 4 
ae _ Behavior of Web at Buckling Load.—As explained earlier, the so- ail buck- — 
ling load of the web plate of the plate girder can be regarded as the transition 
hepa under which there appears a change in t the 1 manner in which the shear i i o 


tension web, For this reason, a characteristic change in the deflected surface 
ay of web began to take place at the buckling load. The web deflected inadish 
like surface at smaller loads. When the load was in increased, and approached \z 
s the buckling load of the panel, _ diagonal buckles were formed. _ The inclination a 
- of the buckle, which depended on the proportion of the panel, generally madea 
= 45° to 50° angle with the longitudinal axis of the girder, = | eS q 

Ba me” The magnitude of the lateral deflection of the web at the buckling load de- | 

‘| ies _ Pended on the aspect ratio and the position of the panel. The measured deflec- 

tions ranged from 45% to 85% of the thickness of the plate. A list of the buck- 
loads and the web deflections is shown in Table 3. (See also 
‘Figs. 4(a) | and 4(b)) Residual deflections in web plates after unloading 


— 
& PION OFF ined AnD DOV Taking 44% OF The Srrain in micro 
— 
— 
ia 


= 


ECTION OF V 


= 
< 
< 


> 


— 


PANEL 


oO 
Bw 


2) one of an inch and were therefore less 

Web Behavior at Allowable Load of the Girder. —The allowable load of the ie 
girder was computed as 350kips, based on the allowable stress of 18ksi (AASHO 

specification), since the compression flange of the girder was ‘completely sup- 

_ It can be seen from the list of buckling loads in Table 3 that the allowable — 

‘load of 350 kips is about 25% higher than the buckling loads of panels 1 to 5 
(the 1/4-in. thick webs) and = above or close to the buckling loads of panels 

9 to 12 (the 


2,—INITIAL I IN THE WEBS AND RESIDUAL DEFL — 


1 | -0.095 +0,006 | +0,008 +0.044 


_ Notes: + sign indicates deflection towards the west side of the girder, Set oot 


sign deflection towards the east side of the girder (the whitewash- 


teral deflections in the web. plates ranges from 64% to sr of the thickness of 7 

the web plate. Panel 1 had the maximum deflection of 0.303 inches. oe 

Me the residual deflections after removal of the load was still within 0.01 inch, | 
Sh? ‘This indicated that no yielding of the web plate had taken place. . An hiestion 


the web of and web to aid not reveal 


os a. 285 in., was sin the end saint (panel 12). Web plates were still found to be 
elastic upon removal of the 


ection largest ranged from which amounted 


— 
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— 
— 
— 200 | +0.002 | +0.008 | 490 +0.000 
| 
| 
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Panels 9 to 12,—Lateral de 
— 
— 
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_ Asa whole, it can be concluded that, the. girder performed satisfactorily ; 


- under the allowable load. . Although the deflections | at the end panels were close si a 
>, 
seemed to be still tolerable. A list of the web deflections at the allowable load oh 


tension became more and more There are two points that 


te Contrary to the nem concept of enagreeed the rate of increase of the la- 


LOADS 


Percent- | | 
age of oa 


~ _ 
Note shown are > total applied loads or on girder. 


. The loads are determined from the curves of the 
Q _ clear width of the web 


\spect atio ‘clear depth o of tl the web * 


ait 


5) i in that ‘the slope of the part of curve the load 


due to tension. As mentioned the plate. deflected 
% in a dished surface when the load was relatively small. As the effect of diag- z og 
0 onal tension gradually set in, the contour of the deflected surface was seen to ae 
: 3 elongate towards the direction of the corners, and a main buckle thus formed. at 

_ This buckle first made an angle of approximately 45° with the longitudinal axis Bo 
7 of the girder. As the load was increased the inclination of thebuckle was seen 


_ _ to alter, and the angle that the buckle made with the longitudinal axis kept i in- Ae . 


~ creasing, until finally, at maximum test load, there appeared one large domi- “a 


nate ¥ wave running from corner to of the panel. 
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GIRDER» 


the opposite corner of the 
‘The Web Plates at Maximum Test Lent. 
 . fe 1/4-in, web.—Due to the thin web and large aspect ratio, panel pes 4 
the first to show signs of yielding. During the process of loading, there had 
been no sign of any gradual damage or excessive increment (of lateral Ldeflec- 
tion in the web. up to 440 kips. However, , when the load was increased from 440 i { 
te to 460 kips, cracks, which represented Lueders’ lines in the plate, showed that 
Madan yielding was beginning at the corner. The Lueders’ lines appeared a 
distance of approximately 1 it from the upper outside corner of the sy 
extending from the upper edge of the plate toward the diagonal buckle. _ They 
; - ran perpendicular to the edge of the plate and vanished close to the middle of 
the buckle. _ Thus, they formed approximately 45° angles \ with the diagonal. Since 
Lueders’ lines appeared in between the from 440 460 the 


D in.) 
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dite 450 kips. The maximum 
, of the web was measured to be 0.712 in . An inspection was made of the rest 
(of the panels, and no other sign of yielding was detected. were 
bolted in the first panel to restrain the buckling, 
ae ‘Tests on panels 2, 3, 4, and 5 were carried out in the same bandicn The 
loading was continued until localized yielding was observed ina panel . Stif- 
hs _— were then bolted in the panel and the same eeuming process was s carried A 


au 


om Panels 4 and 5 showed localized yielding during separate tests and were 

. reinforced withstiffeners. A list of the maximum test loads and the homkoendl 
deflections in the plates is given in Table 3. re 

‘ = the loading, it is interesting to note the ‘following: (a) ) Localized re 
in t the web plates started at the > same corresponding in 


Illustrations of the urs in the direction 
Se ae of the diagonal can be seen in Fig. 3, for panel 11. It is very apparent that, at a = 
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FIG. 5. THE ‘DIAGONAL BUCKLE AND THE LUEDERS’ LINES 
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_ ilar pattern as in panel 1. (b) As shown in Table goles 4 and 5 showed lo- = 
_ ealized yielding under applied loads of 490 kips and 520 kips, after all the pan- 
els preceding them were stiffened. Before the stiffeners were in the preceding 
: "panels, panels 4 and 5 had been subjected to loadings as high as the above and 
“a The 5/16-in. web.—The web plates of panels 9, 10, 11, and 12 were of the 


same thickness (5/16-in.) and approximately the dimensions. There- 


fore, it could be expected that these four panels would show signs of yielding a ‘ 


7 a the same load. At a load of 620 kips, yielding in the upper, outer corner of 


a o the web, plates appeared in panels 11and 12. Panel 12 showed distinct Lueders’ _ 
> 


lines similar to those that occurred before, and only a few nee of paint cracks — oY 
paint cracks were found at identical corners of panels g and 10. As the > load 
was further increased, more distinct Lueders’ lines developed at the corners 
-_ 9, 10, 1 1, The maximum deflections and residual deflections after 
he removal of the load are also shown in Table 3. _ Bitty 
In order to observe | the crippling of the web panel, the girder was furth 
loaded in 20-kip increments from 640 kips to 700 kips and finally | to 740 kips. 
At loadings from 640 to 680 kips, there was only gradual multiplication of Lue- 
_ ders’ lines at the corners of the web plates. When loading was increased from Es 
fs 680 to’ 700 kips , noticeably large deformations took place in panel 12. . Adeep 
‘buckle suddenly developed along the diagonal of the panel, and the two minor 
ae buckles on each side of the principal diagonal buckle deepened more apprecia- i 
ae bly. The shape of the main diagonal buckle is shown in Fig. 5. It can be seen x 
that yield lines ran both in the vertical and horizontal directions along the two 
Bi 2 sides of the ridge formed by the buckle. On the reverse side of the plate hor- | ‘4 
__ izontal and vertical Lueders’ lines were distributed along the low points of the % 
Finally the load was" increased to 740 kips. Observations were made as fol- 4 
lows: (a) In panel 12, besides the spread of the yielding zone along the diag- * 
onal line, Lueders’ lines were also noticed on the plate starting from the po- 
sition of the outer third rivet connecting the upper flange to the web plate. . The 2 
=. lines ran also in adirection approximately Se tothe upper 


formed: fararen On the other end of the girder, in spite of the fact that these pan- 
a els were already reinforced with vertical stiffeners, further deformation oc- — 
tensively over the web plate in n panels 1 and 2. 
General Observations .—No yielding in the flanges of the girder was detect- 
4 either visually in the “white-wash,” or by the strain-gage readings, up to 
a total applied load of 660 ) kips. At 680 kips load, gage 57 (see Fig. 1) indicated 
yielding at this point. | Gage 58, however, did not indicate yielding, although it 
was located on the same cross section of the tension 
Loads above 680 kips began to produce some cracking of the ite wash ~ 
long with Lueders’ lines, at various points along the | compression flange. Gage 


_ was the only other strain gage that indicated yielding at 740 kips load. Aa 


_ Inspection of the rivets cut from the girder revealed that the rivets did not 
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above. (b) In panels 9, 10, and 11 similar paint cracks were found inthe  § 
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of but was lees me near ar the shop- _formed head. The a av- 
erage clearance on each side of the rivet was approximately 0.010 in.; how- Be 
: , it was found to be two or three times this value in several instances. ae 
Vertical Deflection. —The vertical ‘deflection « of the girder at center line is 
shown in Fig. 6. The theoretical bending deflection was computed using the | 
section and assuming the cover plates were effective from their 
retical cutoff points. The shear deflection was computed assuming all a 
was carried by the web, and no account was made for the buckling of the web. ; 
- 


= loads. The fact that the theoretical and measured deflections ; are in such close } 
- P agreement may be somewhat of a coincidence, since the use of the theoretical 
-cover-plate lengths in computing the deflections was arbitrary. 
7 nt Flange Stresses. —The difference in strain between the topand bottom flanges 
ft . almost insignificant except at the highest loads. While yielding at the center 
of the outside cover plate was indicated at 680 kips total load, no yielding was — 
q - indicated at the gage on the inside of the flange angle, up to the maximum total | 
load of 740 kips. The measured strains xe very closely with the theoretical 


- of the outside cover plate occurred was 1.93 times the AASHO design load. 

Yielding, however, was not detected in the center section of the ‘compression — 
_ flange or on the inside face of the tension flange at 2.13 times the AASHO de- . So 
E _ The flange strain at the center of ‘panels 9, 10, and 12 is” shown in Fig. 7. 

- Both flanges follow the theoretical line up to the load at which the web esced, 

For loads higher than this, the stress in the top flange increases at a — 
faster rate than the theoretical, whilethe stress in thetension flange increases _ 
much slower. In panel 12, over loads of 650 kips, no increase in the tension 3 

flange strain was observed, but the s strain in the compression flange increased _ 
ata much greater rate than previously. Buckling of the web became very se- 7 , 
_ vere over 650 kips load, and it is likely that high secondary stresses were in- 

x duced in the flanges. Below the load at which yielding was noticed on the buck- 


= . The flange strain near the center of panel 10 is also shown in Fig. 7. These re 


«gages were located at the theoretical cutoff point of the middle cover plate. . AS Wee 
E mentioned previously, the cover plates on this end of the girder were extended | ; A, 
far enough past their theoretical cutoff points so as to accommodate sufficient x 

_ rivets to develop the initial forces coming into them. Up to the load at which > 

the web buckled, the strain in both flanges agreed © with the theoretical. ’ Over 

_ this load, the strains followed the same pattern as was observed in panel 12. a = 

_ The theoretical line shown on Fig. 7 is based on the assumption that the outer e.g : 
; 7. plate is acting integrally with the rest of the flange at this point. 


plate in both flanges, agrees with the theoretical based on the assumption that 
the outer cover plate is acting integrally with the rest of the flange. _ The web | 
2 this panel buckled at about 370-kips load, but no marked change in the flange a 
_ strain could be noted. Only at much higher loads could some reduction in the 

~ tension flange strain be observed. It was noted, however, that the load at which a 
_ the web of this panel buckled was not so clearly defined as in the oe panels, 


P ; and the lateral deflection was less than for panels | 10, il, and 1 


= 

a ti0n. At loads over about 400 kips, considerable buckling of the web took place, | ¥ - aes 
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Pigs 
. hen general, this change in the flange strain at the buckling. load of the wet 


a _ Fig. 8 shows the strain-load relationship for a point 8 in. in from the end “oe 
the middle cover plate. . The cover plates on this end ‘of the girder were ex- oa 


tended 1 ft past their theoretical cutoff points to comply with the AASHO spec-_ ae ; 

_ Up to about the working load of the girder, the strain in the cover plate in- - 

__ creased directly with the load, although in general it was found to be between ial 
i. 20% and 30% less than the theoretical value. As can be seen from Fig. 8, loads _ ase 
higher than 400 kips didnot cause any increase inthe strain at this pointonthe 
_ cover plate. Application and subsequent removal of loads higher than 400 kips 
_ caused a residual stress to be set up in the cover plate, which was opposite in "oe 


The maximum load carried by the cover plate at this was 


__‘The five other points, 8 in. in from the end of the cover plates, at which the | 
“= strain was measured, behaved similarly to the point just described, except that Pa 
_ the apparent maximum shear stress in the rivets varied considerably. The al 
— lowest value observed was about 19 ksi, while the highest was about 31 ksi, 
. The observations made at all points seemed tohave only random variance, and 
7 ae no particular trend could be noticed either by comparing the results of one 
, 4 flange against the other or by comparing the areas of the flange at each partic- 


_ Fig. 9 shows the strain-load relationship for a point 16 in. in from the end 
of the middle cover plate. a (The theoretical cutoff point is 12 in. in from the | 
ae end). ‘The same general phenomenon wz was observed at this point as was just 
i described for the point 8 in. in from the end of the cover plate. The maximum i 
strain induced in the plate at this point, however, was not so clearly defined as — 
in the previous case. The residual strain in the plate did not reacha — 
limiting value as was observed in the previous ms 
strain at this point agreed with the theoretical value that 
outer plate and flange are acting a up to about 450 kips. ‘The point at Py. 


‘maximum strain in the er corresponds to an average rivet shear of > 
five other 16 i in. from the end of the cover plate, at which the 
strain was measured, behaved almost the same as the point described. The 
strain readings indicated that the outer cover plate was acting integrally ih 
_ the rest of the flange until the average shear stress inthe rivets connecting the . 
: last | 16 in. of cover plate reached about 17 ksi. The strain in the cover plate 
then increased in a somewhat erratic manner to a ‘maximum value. The max- 
PS  imum- -value varied and corresponded to an average maximum shear stress of 
between 20 ksi and 31 ksi. As before, the variation seemed to be only — ~ 


4 
— 
q 

+ 
4 

een about si. The maximum residual load induced inthe cover platewas 
about 40 kips, and corresponds to an average shear stress inthe rivets ofabout 

13ksi. These computed shear stresses are equivalent stresses, and may in- 
ee. 
| 
| 
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to agree with the theoretical strain basedon the net area of the flanges. 


The four other corresponding points at —_— the strain was measured also 2 4 4 


showed strains higher thanthe theoretical 
i _ Cover Plate Slip. .—Fig. 1 10 shows the slip measured at the end of the middle 


: ~~ load at whicha sudden “ jump” was observed. As can be seen from 
on the load- ~slip is not reversible. The total ‘slip at the end of the cover plate > 


ES er. The solid c curve in Fig. 10 connects the points corresponding to the = 
application of that particular load. The dashedcurves connect points that were 
7 ‘a while > reloading the girder after a previous maximum load, as noted. 
: ‘The slip measured at the two other points on the top flange followed the same — 
‘general pattern as for the point just described. 
Neutral Axis.—The strain at mid-depth of the on a cross section 
_ through a row of rivets has been measured. At loads over about 200 kips, ten- 
_sile strain was measuredat mid-depth of the girder, i indicating an | upward shift — 
_ Of the neutral axis. The magnitude of this shift has been calculated from the eee 
_ strains measuredat the flanges and at mid-depth. The shift hift upwards is — oo 
constant for all loads above the ‘design load. 


From load vs. lateral deflection curves. this 

Fs load of the web was determined by taking the corresponding load at the point of 

- inflection of the load-lateral deflection | curve of the web panel ( Fig. 4 and 5). 
_ The reason for doing so was based on the assumption that the buckling load a 
responds to the load at the transition point from a pure shear action to an in- 

i complete diagonal tension action in the web, The values of the buckling loads — 
thus determined for various panels of the girder are shown in Table 3. bichon 2 7 : 
_ From axial stresses in stiffeners.—This method is basedon the assumption 

_ that the truss action in the web plate will cause the stiffeners on the two sides 

the panel totake compressive stresses, while these stiffeners should be free 

axial stresses before ‘the buckling load is reached. Since the total stif- 


fener load up to the point where truss action takes place is very small, this. 


_ therefore comparatively small. The load versus stiffener-stress curves = - 
shown in Fig. 11. Instead of indicating any specific point on the curve as the 
_ buckling load, the ranges of the applied loads within which the buckling must 


have occurred have been given. A list of such load ranges is to be found ee 


From flange stresses. Another phenomenon observed as a result of the 
_ buckling of the web plate was the change of the rate of increase in stress in = 
= flanges. As revealed by the strain versus applied load plots on strain gages 


= placed on the flanges at mid-point between two stiffeners, , there was a Soll - 


i _ Inthe second cover plate. at the point where the third cover platetermi- 
— 
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j 
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— panel. Sincethe strain versus load curves are stralg ines, the breaking point a 
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load, ‘indicated by the strain- ~gage plots, appeared to be about ‘al higher than we i 
=o that determined from the load-deflection curve. One shortcoming of this meth- oe, 


- | a “s od was that ed abrupt | break in the flange strain curves was only apparent in 


load hate for panels 9, 10, and 12 are shown in Fig. 7. 
plate-buckling formulae. — 

mula was not derived for the buckling of the web of a plate girder, but has been E 

. used for the purpose of approximation only. _ Nevertheless, it is interesting to 

note from the in Table in certain the is 

TABLE TABLE OF BUCKLING I LOADS 


From de- | | Two long| Four 
flection | stiffener | supported edges 


| 900-250] 171.4 | 


| 200-250] 228.0 | 362.2 | 


= 10 = -350-320| 258.4 | 355.8. __ 440. 


buckling occurred in the various panels, 


_ Values in column 3 are determined from the points of inflection of the load 


3. Column 4 shows the approximate o renge o of ‘machine loads within which dia- 
gonal tension appeared in the web the of axial com- 


us Columns 5 6 ont 7 are re computed by ti the formula Ter = 


‘edges of the poe plate as ue supported and consider shearing stresses on 

~ ae only, (b) assuming the edges along the flanges as clamped, and the other 

ae “two edges freely supported and consider shearing stresses only, and (c) as- 

suming all four edges as 8 clamped, and considering b both bending and shearing — 
_ The k value used i in case (b) was taken from Iguchi (2a) and the co 

bd ‘for case (c) has been made by using the interaction curve and computing the 


critical shear and bending stress under the boundary conditions ¢ of case (c). 


* 

2 Panel No hy 

4 
i 

— 
- 
— 

= 4] 
f 


that computation based o1 on case e (a) | gave a closer approximation for 
end panels, case (b) was in goodagreement with the results of 2, 


Comparison of the Buckling z Load and the Maximum Test Load.— =I is of in- 


under Tables 6 and 3, together with necessary varies for comparison. 


6. —COMPARISON BETWEEN BUCKLING LOADS AND 
MAXIMUM TEST LOADS OF WEB PANELS 


45.8 


[0.995 


~The buckling are from the of th 
RAT = depth of the web Fad 


g _ els). Dividing the panels into two groups according to the penal it may be ee x 


"served that the difference between the largest value for the denser | load (280 es 


imum test loads’ vary mainly with the to a 
withthe aspect ratio. Comparing the highest and the lowest max- 
imum test loads in the same manner as in 1,adifference of 1S. 5% for 7 first 


— 
— 
peodis eg The load which caused signs of yielding in the web plate has been considered 4 -— | 
asthe maximum test loadof the panel. The relations, if any,that exist between 
the buckling loadand the maximum test loadof a panel are of interest. In order 
ae aa _ to show better the interrelation between the buckling loads, the maximum test aa 
— 
— 
— 
— 
— 4 
— 


ratios of the panels are the same. 
_ 3. Due to the redistribution of stresses in the web ais as a yoo of add- 
a the stiffeners in the adjacent panel, the maximum test loads of the panels 
in the first group might not represent the true picture. _ Therefore, no ate 
isons between the buckling loads and the maximum test loads were made onthe — 
basis of the results in the first group. Taking the second group for compari- — 
gon, it was found that while the plate thicknesses and aspect ratios were the 
es for the four panels, the maximum test loads were almost the same but 
buckling loads differed by as much as 27. 8%. ot) 
4, Comparing the buckling loads withthe maximum test loads revealed 
= _— for panel 1, the ratio of the ‘buckling load to the maximum test load was 28.9%; _ 
_ that is, the plate still hada reserved strength of 72.1% after it buckled, and for 
panel 12, the ratio was 42%, or the reserve strength was 58%, and for all other 
= panels the reserve strengths after buckling were approximately 50% a os 
ae shows that buckling of a web panel does not mean immediate failure. If the de- 
sign were to be based on the requirement that buckling of the web plate should 
a net: take place under the working load, and a certain factor of safety were add- 
ed, at t least 50% of the reserve strength of the plate would be wasted. 
aa 5. As shown in the preceding analysis, the buckling load only serves to “7 7 
dicate that the load-carrying behavior of the web is changing from one pattern , 
to another. It is doubtful whether the buckling load may be used as a measure © 
_ of the load- carrying capacity of a panel. _ It has been shown that extensive yield- oe 
te ing of the web does 1 ‘not take place either at the buckling load or immediately “4 


Flange Stresses. flange strains measured during the testing of 


test vend apparently is very small the plate and ‘aspect 


a moment of inertia, except in the vicinity of the ends of the condo 
e should not be concluded. , however, that 


2 @. by the strain gages. Yielding across the net section of the tension flange be- 
. i gins before the design load is ever reached, and spreads across the flange as 
_ the load increases. Noting, from Table 1, that the yield stress of the — -? 


plates was 39.4 ksi, the AASHO design procedure implies that yielding across  __ 
e net section the have at - 2.1 19 times 


‘the design load, ‘iikisiiasaa yielding was detected at the center of the duaiine corer 
plate at 1.93 times the design load. However, yielding did not occur across the 
net section of the outstanding leg of the flange > angles at a times the design — 
_ Noparticular change in the location of the neutral axis or in the behavior of 
the compression flange was apparent after yielding across the outside cover 
plate of the tension flange was observed. Yielding, as indicated by cracking of 
the “white- -wash,” was observed near the rivets in the center “section of 
“compression flange at about the same load as wae measured across 
a _ ‘The examination of the rivets in this girder revealed that the clearance be- “ae 4 
tween the rivet ond the hole varied but in rare cases could 


a 
a 

| 
| 
| 

td 
— 
| 
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be said that was no clearance between the rivet and the 


of these observations, it is evident that : before a rivet | could be loaded in direct 

 ghear and bearing (as is generally assumed) some slipping of the 

= must take place. Before the adjoining surfaces slip far enough to take 
> the clearance in the holes, the frictional resistance between the surfaces : 
ee be overcome and the rivet must undergo considerable bending distortion. - r 
(Bending of the rivet place since rivet is apparently ‘tight in 1 the 


The transfer of re by the rivets in aanens girder is similar to the trans- 
fer of stress in avery long riveted joint, inasmuch as slipping between the econ- 
nected parts results only through a difference in strain between the adjoining | 

— gurfaces.. If there is no difference in strain between adjoining surfaces then 4 


ia the stresses in a built-up girder should be no different from those in a solid % 
A 


beam. ‘Furthermore, if there is no relative sliding betweenthe connected parts 
Of a plate girder, and load transferred by the rivets must be by means of fric- ‘ad 
tion alone. The strains measured during the testing of this girder agreed very — 
well with those computed by the flexure formula, and it will be shown that the | z 
= slip measured at the ends of the cover plates can be attributed to the | 
ioe in strain in the first few feet at the end of the cover plate. Because mn 
_ the deflections also agreed with those computed for a solid beam, it canbe con- a 
a cluded that the action of this riveted plate girder is not different from a solid q 
beam, except locally at the ends of the cover plates. It also follows that the 
load transferred by the rivets is mainly through friction tea aaa a 


surfaces only, except at the ends of the cover plates. 
- At the ends of the cover plates the stresses are not so o simply distributed 
as in the remainder of this girder. _ Before any cover plate may act integrally ax 

-s with the rest of the flange, the strain in it must reach t the value of the strain ie 
in the rest of the flange. The. strain in the outer cover plate builds from zero > j 
to some steady state value, while the strain in the balance of the flange de- — 

* creases to some new steady state value. This difference in strain between the 
F: ee ‘connected surfaces results in a relative slipping of the surfaces, which accu- 
ss mulates at the end of the cover plate. It is this co-called slip that was meas- a 
. ured during the testing of the girder and is shown in Fig. 10. When this slip is J 
_ small, the stress transferred to the outer cover plate will be a result of fric- 
tion between the sliding surfaces, but when the slip is large enough to absorb | 
: the clearance between the rivets and the rivet holes, the load will be transfer- | 
by the rivets acting in shear and bearing. load on the rivets will de- 
oa, - pend on the. clearance in the holes, but those rivets closest to the end of the | 
mle plates will suffer the greatest distortions. Extending the cover plates ~ 

tS any reasonable distance beyond their theoretical cutoff points will not avoid a 

ye _ overstressing of these end rivets. The load on the end rivets will be reduced 


effectively by decreasing the spacing of the rivets at the ends of the cover 
= Cover Plate Slipb.—The distribution of strain in a highly idealized manner — 


} ae mm “may | be assumed in| the outer cover plate to build up linearly at a rate propor-. 


= tional to the shear resistance that can be developed between the cover plate 
y and the adjoining flange. If the transfer of load to the outer cover plate was 
only through the medium of friction, the strain distribution would be very sim- 
ilar to that ideal one. . Assuming such a distribution exists, and using the cane 
— average rivet shear stress at first determined by the strain gage any 


% 
* 
a 
4 
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tr 0-8; 


10- 
in which A isthe slip at the end: of cover plate, and P the load on girder 
4 ink kips. This result has been plotted on Fig. 10. The theoretical slip is of the 


- same magnitude as that measured, ‘and follows the same general shape of curve. 
_ The slip measured can therefore be attributed to the strain distribution at 
‘the ends of the cover plate, and it can be concluded that, in this immediate - 


Effect of the Thin Web on Flange Stresses.—The results of this test clearly 
_ 2 indicate that the flange stresses in the buckled web framework cannot accu- | 
| s rately be computed by the flexure formula. Fig. 7 seems to | suggest that the ts 
: i. load-strain relationship is still linear after buckling. This same observation _ 
a was made in four other panels of the girder. The apparent additional increase a 
in total flange load after buckling is also shown, and seems to be about 40% o 
the shear increment. It has been assumed that the surface strains 
on the top of the flange are representative of the average strain in the flange, Ye 
but of course this assumption could be in the buckled web induces sec- 
_ This redistribution of flange stress at the buckling load of the web follows. 


‘ 


conclusions dr drawn from this of course, be 


certain reservations since itis not possibleto assess all the var riables involv- 
ed 
iro fon buckling behavior of the web of a plate girder is different from oe a. 
able initial curvature in the plate, the web starts to deflect laterally as soon 
as it is loaded; (b). The laterial deflection of the web does not become dis- | 
| proportionately large when it is loaded ‘beyond its theoretical buckling load; F 
We (ce). In the range of slenderness tested the web remains elastic and acuees 
no residual deflection under loads higher than the theoretical buckling load 


2 _ When using the theoretical _ buckling formula for an initially straight 


its ‘theoretical buckling load. In this experiment, the maximum test loads that 


3. ‘The web of a plate girder is ‘capable of carrying loads in of 
‘ caused local yielding in one web panels were from 1.75 to 3. 45 times their re- 


m 4. Local yielding in both the 1/4-in. web and the 5/16-in. web of this plate e. 
rder started as the maximum test load was approached, and occurred in ad- 


5. ‘After considering the theoretical loads and the maximum test 


the maximum test loadis approached. 


theoretical behavior of a flat plate inthe following ways: (a). Due to unavoid-— oe 


vance of the localized yielding of the flanges. = = 


| 
a 
4 
— 
— 
the Same pattern aS was predicted and Observed in Connection With the INVES 
of the bending of thin-walled box beams (28), 
Me 
5 
mie 
| ak 
— 
| 
— 
= 
of the web is not a good criterion for the design of the web thickness. 


— 
e vertical of a riveted plate coul be accurately 


= _ 8. Except locally, at the ends of the cover plates andacross sections anit 
elie rivets, the flange stresses in a riveted plate girder can be ~aeedll 
ed computed by the flexure formula by using the gross moment of inertia. OG: a 
The transfer of horizontal shear stresses in this riveted plate girder 
i was mainly accomplished through frictional rezistance between the adjoining | 
a ms. 10. Extending the cover plates far enough past their theoretical cutoff point — 
to develop the initial forces coming intothem will insure that for allstaticloads 
outer plate acts with the rest of the at the theoretical 
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OF ONE-STORY FRAMES AND BUILDINGS 


John E. Goldberg,* F. ASCE 


scribed and sguites to the collapse of rectilinear ieee using a generaliza- + 
tion of the slope-deflection method. Both the symmetrical and anti-symmetri-_ 

cal or lurching modes of collapse of plane frames are considered. The rela- 
tion of the buckling of plane frames to the buckling of the complete structure is 
pointed out and a theory for the buckling of such space structures is presented. 4 


4 It is shown that the buckling analysis of the oe structure can be reduced _ 


ous difficulties are met in the determination of the critical loads of, go 
_ elementary plane frames. The proper application of valid methods based ‘upon 


er, generally do not exist singly building structur 


rmally consists of a set of such frames. These are inter-connected by floors 


_ Note,—Discussion open until March 1, 1961. To extend the closing date one month, hm 
a written request must be filed with the Executive Secretary, ASCE, This paper is part | 

= of the copyrighted Journal of the Structural Division, Proceedings of the American So- . i 

ciety of | Civil Engineers, Vol. 86, No,ST 10, October, 1960. 
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Assoc. Prof., of Civ. Engrg., Purdue LaFayette, ‘Ind, 
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“ae . & such frames, from the standpoint of possible collapse, by reason of insta- [iim 
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1960 


or lateralsystems may perform an additional function, that of brac- 

system against a lurching or sidesway mode of buckling. 
oa Plane frames may buckle in either a lurching or sidesway mode, involving 

aan eee of the — or in a mode that does not involve lateral 


: 


the. joints. These m modes ar: are frequently called the ~sym- 
metrical” and “symmetrical” modes, respectively, although these designations 
applicable strictly to the modes of symmetri- 


is generally assumed that a frame will buckle i ina a lurching 1g mode at 
a lesser loading thi than would be required to cause buckling in the symmetrical — 


4 
Ug in the — 
| or rootsor by struct 4 
| 


A relatively small amount of lateral support i in any of these forms may be suf- 
ficient to increase the critical loading for the sidesway mode to a levelat which 


: This s situation leaves the designer or analyst with two alternatives . He may Ve 
3 accept, as a basis of design, the overly conservative critical loading for the 
lurching mode of buckling of the unbraced frame, or determine the critical | 


os the braced frame, and | use the lower of these asa ‘design basis. 


of each of a set of plane frames is easily accomplished. . The determination of 
_ the critical loading for unbraced frames or for independently braced frames a 
the lurching mode of buckling i is also simple. The critical loadings of ¢ a set of 
i mutually — braced frames in the lurching modes presents a slightly more ‘com- te 
plicated but still straight-forward problem. This problem is in the 


A procedure is presented for determining whether or not a one- 
store structure will buckle ina sidesway or ‘mode under a specified 


ai moments at the end a and the end b may be expressed in terms of the 


= (bap 


in which Kab = E tse is the appropriate e modulus of elasticity, I anita the te 
moment of inertia of cross section, Lis the length of member, A, and - are 


Arefers to relative transverse of ends. 
nam _ The values of the constants A and B depend upon the sign sae clas of 
the axial loadand may be expressed completely2 as functions of the ratioof the 
: _ axial load ito the | Euler load of the member, due consideration being given to the 


use of the appropriate modulus inthe Euler formula for compressive axial load, a 


2 “Stiffness Charts for Gusseted Members Under Axial Load,” by John E, Goldberg, 


Transactions, ASCE, Vol, 128, 1866, 43. 


| mode. This assumption, however, is not necessarily validif lateralsupport 
— — 
exceeds the critical loading for the So-Called symmetrical Mode. Under 
circumstances, and with the added condition that the frame and loadingaresym- 
a 
— 
— — 
— 
lap} 
— 

— 
— 
ill 
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“and P is the axial load, pre as positive ‘when compression. The 1 values of 


* S 2 and 3. A more extensive set of charts which gives | the values of these coef- 
ficients for ‘gusseted members has been presented2 p: previously. It may be noted 


that, when the axial is the and B on the 4 


Ss Aab + Bas) + 27— } - Pab 


2 It is of interest t to investigate the effect of various end conditions atthe base 
? @ the column upon Eqs. 1 and 6. i the lower end, a, is elastically an rend 


ere ore, 
Aap 


ba = Kab Asp - — 


— Sab Mab * Mba * Fab Aub) 
— 
— 
— 
— 
— 
— 

— 


— 
rook, 
; 


Ei 


i 4 


ese may be written somewhat more compactly, 


Py 
‘a 


Ay ab 


nt: 

It may be no s.10 and 11 redu 


with tne intro 
duction of ‘several new and easily evaluated coefficients. Let 
Then 10 and 11 may be written intheform | 
— 
ce directly,to rather simple forms, J 
By —_When @ takes on the Limiting values of zero and infinity, corresponding to the 
pinned and the built-in condition, respectively, at the base of the col- I 
— umn. Thus, for pinned base 
ba = Kap ab/ Oy. ab as 


ice 


or 


whereas: for the built-in base 


Mba = Kab Aab Cab 
= 
>- 
> Tab 
j 


“ay 
hy 
=, 
— 
(18b) 
— 
— 
— 


x 
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The formulas presented i in section will be to problems 


ame. —Under certain conditions, aframe may buckle | 
: ‘i a mode which y aoe not involve lateraldisplacement of the joints. If one con- 
siders a one- -story, single- under symmetrical conditions, 
as shown in Fig. 4 and s 4 = Eq. 2s for the = 


te 


b me 
Me) 
22 the of will maintain equilibrium in 
symmetrically buckia® configuration. The stability criterion therefore 


To the critical one first the value of 

by using Eq. 23. If the base of each column is fixed, the corresponding 

ra value of p > may be read directly from Fig. 2 (a) since A'ab = Aaly> In other cases, 
“2 ‘the corresponding value of p is best obtained by trial-and-error. A value of p 
is assumed, and A',, is computed by means of Eqs. 12 or 17 using values of A 


B from the charts of Figs. 2 and 3. The is until the value 


— 
q 
— 
— 
— 
— 
— 
ive trials. Normally, the proper — 
be helpful in improving the with only three or four trials. 
4 _ of p willbe lue of p, the critical load is determined — iii 


—SYMMETRICAL BUCKLING OFA ONE- STORY 


IG. 5. —SYMMETRICAL BUCKLING OF A ONE-STORY THREE BAY FRAME aie f , 


A- cd Pa 


6. _ANTI- SYMMETRICAL BUCKLING SINGLE BAY FRAME 
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= number of joint: rotations, however, the for 
’ = or not yi sens column loads forma criticalset mustdiffer from that al 


fers an to describe a procedure for | the analysis ‘of 


¥ og The beam shears due to Mpc, Mcp, and so on, induce axial strains in col- : 
um) 


ns and cause differential settlement of the beams. These effects, however, ' 
a = generally small and are in this and analyses. The 


4 


a) 


~ 


ss where, in the last equation, advantage has been taken of the eysametry of the 


_ become, upon substitution of } Eqs. a 


There are available procedures for whether a given set 


: Es... column loads provide the values of A'agp and A'cg that make it possible to sat- 


ea isfy this pair of of simultaneous equations. A trial- ~and- -error procedure generally 
One such procedure consists of the following steps: after selecting trial values — 


= for the acme loads and —o- the value of A'ap a and of Aca either of the 


_ 
4 
— 
a — ke 
= Kab A'ab — 
— 
il 
4 
(4 Kno +K A’cd +2 Keg) ..... (26s) 
a 
| 


equilibrium equations solved for one rotation in terms ‘of the or 

: + example, the second of Eq. 26 may be solved for 6, in terms of 6p. This re- 
sult now may be substituted into the remaining equation, and itcan bedetermined © 
whether or not this transformed equationc can be satisfied. This, it will be a \ § 


_ tion, If both equations can be satisfied, then the assumed loads form a critical. 7) 
“set. If not, new values are chosen, and the process is repeated. rate ey, 


ae Following this line of attack, the elimination of 6. from the pair of equations | 


can be satisfied | if the coefficient of 8b the Stability cri- 


Analternate form m may be Cbtained by p placing the entire expression able com- 


_— mon denominator and setting the numerator equal to zero, in other words, mul-— 
through by the denominator of fraction. This yields the 


a 4K 


29 is the expansion of the determinant formed by the coefficients of the rota- 
‘There are several or define a critical set of loads. For 
example, the ratio between Pap and Pod may be specified. Thus, trial values 
will conform to this ratio, | as will subsequent trial values, if necessary, in the ; 
trial-and-error process. Alternatively, the set may be defined by domly a 
the actual magnitude of one of the column loads. In the associated trial- and- ame 
Py process, the remaining load is adjusted until the proper value is found ‘ea 
that permits the two equilibrium equations to be satisfied. If the critical set is iy 
_ to be defined in this manner, the first procedure might be found to be conven- x 


a ient. _ Suppose, for example, that the magnitude of Phe 18 specified, and Pab is 


6 may be. ‘determined in terms of Ob Substitution of this result into 
first equation of the pair reduces this equation to a homogeneous expression — y 

at in 6p. The proper value of A'ab now maybe computed in asimple manner, and ee: 

‘ = 7 the > corresponding cr critical value of p for this column may be found. The analo- a. 


te’ ‘gous sequence of operations n may be performed directly upon Eq. seca: will, wha 
of course, yield the same result. 
A third procedure introduces the concept of “reserve stiffness” asa stabili- 
criterion. Imagine thatan external moment Mois applied to the 
equations at joints c and b, respectively, become 


i 

— 
| 
— 

— 

— 

| 
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— 

— 
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4 under the values of A’ ab and A’ j that have been 7 
: used. If Mo is positive, that is, if Mo acts in the direction of 8b» then the frame = 
- has “ reserve stiffness,” ’ and is stable under the applied loads. Conversely, if 


if “Mo the value the applied constitute a critical ‘set. 

_ Since the sign and magnitude of My serve as a criterion of stability, one may a 

ps again use a trial-and-error procedure to determine the magnitudes of the col-— 
umn load that form a critical set. The sign of the computed value of M, indi- 


cates whether the column loads should be increased or decreased for the a 

hae By an extension of these methods, the ‘symmetrical modes of buckling a 

~ 3 multi-story frames may be investigated, and the magnitudes of the critical loads: 

i 3 may be established. A further generalization leads to a related procedure for 3 
Greate the lurching or anti-symmetrical modes of of multi- — 


one 
Unbraced Single- -Bay —The values of the column loads for 
anti- -symmetrical or lurching mode of buckling may be determined through 


use of Eq. 1 and its particularized variations, 


In the case of a single- -bay rigid frame, the deformed or buckled structure _ 
ppears somewhat as shown in Fig. 6. If the frame is symmetrical and 4 

_ metrically loaded, then only two equilibrium equations need be written. These — a 

state that | the ‘sum of the ‘moments at upper b, vanishes, and 


Noting that Ape is zero, these equations the use of 


a ee in which the positive direction of Mo 18 the Same as the positive direction for 3 ae ey 
= @6€©=—Ss joint rotations. Assuming a value of unity for @p, the first equation is solved #§ [x_n 
m™ for 6c. These valres are now substituted into the second equation, andM,is ii 
— 
— 
id 
Lal 
— 
j hold true. By virtue of the assumed symmetry, Eq. 3la may be written simply 


conditions are either fixed or ‘nto. 


As in the previous cases, a trial-and-error procedure for the solution of 


Bae 33 andthe determination of the critical load will be found to be convenient — : 
and relatively rapid. Noting that, for a frame such as shown i in Fig. 6, the criti- oe 


calload must be less than the Euler load computed withan appropriate modulus, 
trial value is selected for Pab and the coefficients evaluated. Assuming Sab 
ae to have unit magnitude, the » value of @p is found from Eq. 33a. . Substitution lee 
_ this value of 6p and the unit value of Agp into the Eq. 33b yields the value of — ; 
- that would be required to hold the frame in the deflected position with the pre- 
column loads. The sign of the value of whether 


| 


a assumed column loads exceed the critical loads, since the force H is now sup- . 
— the frame against further deflection. If H is negative, the assumed col- - 
umn loads are less then the critical loads, since the direction of H now implies _ 
Es that the frame has “‘restrve stiffness.” If H vanishes, the assumed column loads eee 

‘are equal to the critical loads. In the ae error procedure, if H is soi a 


be larger or smaller. 


_ SIDESWAY LING 


two-bay frame to the procedure for 


' determining the ee loads of a multi- bay frame in the lu lurching mode of col- i 


a lapse Fig. 


— 
— 
— 
— 
= 


‘he equilibrium equations, Eq Eq. 


, upe upon n substitution of 


+2 Kop 0-3 


As ‘inth the a trial- -error directed towardthe 
determination of H may be employed. Trial values for the column loads are 
_ assumed, and the coefficients in the four equations are evaluated. Setting Sab 
; a equal to unity, ' the three joint equilibrium equations | are so solved for the joint ro- a 
tations. These values, with the unit value of are now ‘Substituted 


if H is positive, the assumed column loads exceed their critical values. If, how- ' 
ever, H is negative, the loads are less than alues. If H vanishes, 


Fee If the number of joints is not large, the joint | equilibrium equations may val 
solved easily fc for 


— (Kap A'ab + 4 Ob + 2 
pe Kab Cab Cab = (85a) 
8b +(Ked A'cg + 4 + 4 Ket) 
Coq 80 =0 (85c) — 
Ket + (Ket A'et + 4 Ket) Keg — 
=0....035) 
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— 
4 
— 


BUCKLING» 
4 


q 


ing, wall panels or diagonal tie- rods in the plane of the frame, or, by an. ‘eave 


girt that extends to solid anchorages before and behind the plane of the frame. on 
os certain cases, Support may ee, toa critically loaded frame by ad- 


a - contains an ‘overhead aicaene crane carried by t the frames of the building. 
q Obviously, the crane can be inthe plane of only one frame at any time, and thus 
Be = only this frame could be critically loaded at that time. The other frames, being 7 
less than critically loaded, _— be : able to support the critically | loaded frame pl 


of 
35. Ifk is the stiffness or rate of the then the term isthe 
spring force. This force acts upon the frame in a direction opposite to the dis- 

ig placement Aap, and, for the assumed direction of the displacement, the spring 
_ force acts in the positive direction of the fictitious force, H. “Consequently, the. bt 


a term kAab must be added to the fictitious force on the right-hand side of Eq. 35e. Pa 
Upon transposing this term, the shear equation for the 


iw 


1g Gauss’ substitution he number of joints ram is notavailable, -@ 
mgincluding algorithm. If t and ifa computer we 4 
= : method, or se procedures, a step-by-step proce ich are brace ii 
&§ ient use of these proce ved by a step-by-ste exist whic - ia 
e joint equa 1 ed Frame. - Fra es by structure j 
4 dently Brac f other fram may be inthe for a 
_Indepen endently of othe: 
inst sidesway indep he frame Thic | 
— agains external to — 
ae 
by = = 
ce 
— |g 
— 
— mi pporting force, H ris 
ich brac ictitious su he Previous 5 hown 
also shows the two-bay frame tioned. by the spring show 
_sidered with additiona 
— 
— 
§ | 


ks 


= 


loads from this revised set of ‘equations is cosentinlty th the same as that outlined uy 


Buckling of Buildings . —The primary structure of certain types of 
We 


vation of the roof or ceiling. In some cases, the horizontal truss is wisitainil. 
oa and ‘the bracing function may be performed by the roof deck. The bracing system — 


sible, may be called upon to support the loaded frames. 


; _ lurching mode, but rather ‘ageneral collapse will occur when the loads are suf- | 
ficiently large, unless a symmetrical mode of buckling occurs at a lower load. 
4 collapse involving the complete structure is called general instability. 
aa _ The problem of determining whether or not a complete one-story building > 
; | will buckle when a given set of loads is applied simultaneously to all 
columns includes the elements of the theory that was mentioned previously. hh 
addition, the coupling between the frames and the coincident effect of the wall ae 


‘the stiffness or spring rate provided by the bracing system to the ‘critically 

- loaded frame or frames. “When this can be done with satisfactory accuracy, the 
critical loads of a spring-supported frame can be determined by application of a. 

_ the theory of sidesway buckling for independently braced frames as described > 

_ previously. However, results obtained by treating the frames independently are 

not likely tobe correct. Although it is a simple matter to obtain aconservative | 


_ approximation to the critical loads with this approach, the degree of conserva- 
- tism is difficult to evaluate and | may lead to an uneconomical | design. A 4 


estimate for the upper bounds on the critical loads is also ) difficult to _ define, 


7 + and consequently, the designer or analyst may have a wide range from which | 


he must extract the correct values of the criticalloads§ 


The problem of determining tt the critical loads for a complete one-story struc- 
ture consisting ofa number of parallel frames and a horizontal bracing system 


: g is amenable to solution by reasonably simple methods. —™ 


- For clarity, consider the structure shown in Fig. 9. . The: he structure isas- 


‘sumed to be separated, as shown in the ‘figure, into frames and bracing system. 
each frame is loaded in 
a a shown in Fig. 6 and computed by an equation having the character of Eq. 35d, 
act to the le left on the frame if Ais a unit the right. 


{| walls or by braced frames at the ends of the building or at interior planes. In seth in” 
absence of shear walls or braced frames, the frames, are 
than critically loaded so that their own independent co | 
— 
q 
— 

a 4 

— 

5 

— 


buildin 


b) Bracin 


_ FIG. 9.—COMPLETE STRUCTURE AND ITS. 


MPONE 


\AAZA 


ctual force will be directly aiilaiaaah to the sellin and the magni- 
_ tude of H may be interpreted asa negative spring rate for the unbraced frame 
frames will therefore exert forces | in the opposite direction upon the 
a =e) — system. Thus, if Yj is actual lateral deflection at the top of the j- -th 
5 - frame, and Hj is the supporting force at that frame wm: unit dis Send then “a 


‘The ‘bracing system may treated elastic structure, and 
influence coefficients for the several frame locations may be determined by any 
of the standard techniques for computing deflections. These influence coeffi- e 
ents are designated ajj and are defined as the lateral deflection at the i-th lo- — 
- sation due to a unit load a applied at the j- th location. Since ‘each frame must be 


where r is the number of critically loaded frames. Substituting Eq. 


the stiffnesses, Hj, depend upon the column loads of the several frames, 

Eg. 39 defines a set of column loads for which the complete structure is just | = 
=e with respect to the sidesway mode of buckling. If the column loads are 
not specified, a priori, the equations form an eigenvalue problem that yields 
et the permissible values of these loads. _ However, the relation between the col- - ; 
loads and the frame stiffnesses is sotranscendental that the direct deter 
i mination of the column loads by Eq. 39 is not practical, te 
Fortunately, from an engineering standpoint, the problem of pwn the 
a critical loads of the structure may be replaced by the question of whether or 
not a specified set of loads will cause the frame to collapse. An answer to this 
_ question can be obtained with relative ease, if the question is replaced | by the 
problem ‘of determining the stiffness of the bracing system that will prevent a 
ag _ gidesway buckling of the complete structure under the specified loads. In par- 

ticular, it is desired to determine the factor, 1, by which the stiffness of the a 
me cm system must be multiplied to prevent buckling of the ‘Structure under 
the specified loads. If the stiffness is multiplied by u, the influence coefficients 
fer deflection are decreased by this factor and Eq. 39 becomes 


— 
3 
te — 
“4 — 
deflection at the i-th location will 
all 
— 
{3 
— 
— 
— 
| 
— 
4 a : 


The relative values of the y’s which Eqs. by an niterative 
‘procedure. After the iterative | has con er 

termined. 

One may note that, if the are identical and loaded, 4, will 


be the same for all frames and be by the single value, | Ea. 


‘aint pe however, is not to be used if the frames differ or if the Te. 


— using the iterative procedure, one assumes a set of y s which preferably 
g La _ are normalized or scaled so that a selected one of the y’s has a magnitude of — 
s aye _ These values are substituted into the left-hand sides of Eqs. 40 or 41. — 
a oe This yields a new and ordinarily more correct set of numbers proportional to 
ou the deflections of the bracing system at each frame location. With both the in- 
tial set and computed set normalized to unity at the same point, the deflections 
7 of the two sets are compared point by point. If the agreement is satisfactory, ‘Yes 
magnitude of may be If the agreement is not satisfactory, the 
When Seaveugencs has been rig ned, any of the final set of y’ 8 may beused = 


and 

The term may be recognized as the “normalizing factor,” the 
ze quantity by which the output must be divided in order to Rormegrine the these —_ 3 

«Cf the frames are identical and identically loaded so that m pe may be used 


and identical on all frames, that agiven system will sup- 
port without sidesway collapse. For a given system under these conditions, Bb 
taken as in 43, and the criterion for becomes 


ised 


& 
— — 
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The magnitude of m is sthe ‘amount by the e stiffness c the 


must be multiplied to provide precisely the support that is necessary to D prevent » 
‘sidesway buckling of the complete structure under the imposed loads. Conse- 
a nee guently, the computed value of u serves as a criterionof stability since for st 
- Several examples will serve to illustrate the methods ‘that have been pre- 
4 jae ‘The reader will recognize that certain simplifications are possible. 


‘For example, when the entire structure is composed of the same material and in 
: is operating in the elastic range throughout, it may be convenient to divide all _ 
, by the modulus and perhaps by certain dimensional factors Foes 
; ew of the structure are operating at different stress levels so that the - 
—_. is different for different members, a reference modulus may be di- 
vided out, for example, the elastic modulus. In the interest of roe — 
_ simplifications are not made in the following examples. Blas: 


ILLUSTRATIVE EXAMPLES 


Symmetrical Buckling of Two- -Bay Frame. —In this 

data is given: the are 8 WF 31, area is 12 sq in., I = 109.7 in.4; 

in.- 


kli: 6, =0. Therefore, Eqs. 25a 


4 3.6 3.656 


This equation, however, is to be used only under the conditions stated previ- 
— 
- 
— 
— 
— 
— 
“Kap * 9-656 x 10 in.-lbs 


1 


.03 and B B= 1 12 from Table 1. ‘Therefore, 


in the | 


Wea 9e- Coa Coq: Lea 


+266), 


Mcp =? 
Cap 


which is t 
and 25,303) = 393,700 Ibs 
4 =M,. = 3.6 
— 
rot, 
— ived from Eq. 13 an are the same. — 


an 


sexist. + 

: 7 _ For trial 1 the ye following data is obtained: p= 

“Ibs; A = 2.645; = 2. 12 


_ 
645 + 27.35 


2.6 + 27. 920 


he joint equilibrium ‘equations become 


- | 
+ 9.142 x 10° (4 6) +2 ¢ 
8,656 x 10° (2.838 6, 


944 op + 18. 284 


= 16. 9824 


Joint 
lz 
ce: 0.9; P = 0.9 (125,303) = 112,773 ae 
= 2.645 - 
— 
— 
— 
a 
— 


cd — 


ie 


,443 + + 15, 414) 29, 385 


Since His positive for positive values of A, the frame is is unstable theas- 
or For trial 2 the following data ts obtained: p = 0.8; P=0.8 (125,303) = 100 ae 

q A= 2. 816; B= 2. 346. The equations, therefore, are 


= 


2.816 + 2.346 
2816+ 27.35 = 1.829 


te. — 
—— 
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sieiiiied Eqs. 25a and 46 become 
pe 


634 


q 


"8,656 x 10 ~ 5.162 x. 


| 


5.162 (.922 x .35562 1.829) 


(98, 359 - - 100 243) -18 


TS ab 


— 
— 
— — 
— 
— 
4 


= as, 641 - 100, nas) = 16,398 


. 


= 104,000 lbs oneachcolumn. 
should be noted that the axial loads on the three need not be equal. 
A similar method of analysis would apply as long as the axial loads on the two | bs 
outer columns were equal and the frame was symmetrical. If the axial load on 
the center column differs from that on each of the outer columns, or if the bt 
‘properties of the center column. differ, the coefficients and constants will, 
TABLE 2 _—INFLUENCE® aij 


Locationof | 


Frame 4 


oo The influence coefficients are in units of os in per . 


a tions will still suffice. If the loadings ofall three columns differ, or if the frame 
: et is not symmetrical, it will be required to write and solve simultaneously three 


equilibrium equations it in the three rotations. 


is considered. “The frames are identical with those used in the previous ex- ; 
+ ‘toatin, and the columns are assumed to be restrained elastically as in the 


previous examples. ~The bracing ‘system is supported at its ends by masonry 


ite By conventional techniques for computing deflections, such as the ee. 


Mohr method, the deflections of the bracing system due to unit loads applied a 
; each frame location have been computed and are listed in Table 2 Serene 
_ Substituting the numerical values of the ajj into Eq. 40 gives for the dis- 
7 placements of the bracing system at each of the frame locations sane ue 
266 Hyy,+ 98.200 Hoye + + 67. 279 H3y3 


98,200 + 194.440 Hoyo + 135.584 Hgy3 + 67. 219 =10 
279 + 135.584 + 197.415 Hgy3 + 


= _—s The sign of H shows that the frame is stable under the assumed loads. Com- — 
parison with the previous trial indicates that critical loads lie between the mag- 
| nitudes assumed for the two trials. By interpolating between these two cases, 
g 
— 
— 
i 
* 
: 
| 
— 
oj » 
— 
4 


6.180 Hyy, + 67.279 Hoyo + 117.885 + 127.8 885 


meme whether a given set of loads will or will not cause the structure 
to buckle in the sidesway mode, one first computes H for each frame by the — 

7 _ method previously described in connection wi with the discussion ¢ of sidesway or 
anti- symmetrical buckling of independent frames that is illustrated in the pre- 
vious example. These numerical values are then substituted into the previous — 
‘set of equations, (those derived from Eq. 40) and iterations are performed =_— 

‘these equations to obtain the mode shape of the buckled structure. ‘Finally, the Py 
value of wis found by use of Eq. 42 and the inequalities for stability conditions — 1 

tie. a. 3.-ITERATED VALUE OF DEFLECTIONS 

"Second Cycle 271.5 448.1 96.3 


1 000 0.661 


0.602 
FifthCycle | 2681 424, 


/y(A) 


‘a ‘The case e of identical loads on all frames is considered first. Each of the 
set ot of f equations is divided through by the commen H 
12. 266 yy + 98.200 yp + 67.279 yg 46. 180 = 10° 
98.200 yy + 194.440 y2 + + = 584 + + 67. 279 y4 
67.279 yy + 135.584 =10° 
yl + 197.415 y3 + 117. 885 =) 10 


180 279 + 117.885 ys +127. 885 y, = 


tial values. Suppose that initial values 0.700, 1. 000, ly 000, and 0.700 are vegan _ 


- 
7 
— 
— 
— — 
— 
' 
te 
is obtained: 279 (1 000) + 46.180 
— ining three equations these 


> 4 Fo plied to the frame will produce an H of this magnitude. 


‘mumbers dividing by the magnitude. of one of the quantities, usually largest. 


this basis, the normalized results become 0.620, 0.964, 1.000, 0.664. 


dently, these values do not agree with the initially assumed values and must be 


used as the basis: for a second cycle of computations. This process is oe, a 


in which has been takenas unity to that no is con- 


4 templated. This yields a value of Hof 2246 lbs. 


Comparing the results of the third cycle before with the normal 
a ized values of the s second cycles, that may be interpreted as input for the third © 
oh cycle, yields the ratios 443.5, 445. 0, 445.7, and 445.8 at the four locations. It 


Tt is now necessary to find the magnitudes of the column loads that when a 
ae The columns of each frame are taken, by the conditions of the problem, to to 
be equally loaded. For a first trial, a value 2.2 is assumed for each col- 
umn. The trial value of the loadis 


: 


r 


0.519 + 27.35 


in 


- hthe fifth cycle, it is evident — 
However, using the final results for y3 an 
— 
— 
— 
— 
4 
| — 
— 
The ra 4 
— 
— — 


formulas for relevant a and 13, 
ay, 


| 


= 3. 656 x 10° (-1. 086 6 cr soos 

at equilibrium equations, Eqs. 25a and 34a, become, upon reduction, 


| 
= 0. 


The column shears obtained ed by u use of Eq. 14, are, 


= = x 3.382 ( x 1.8739 


= ao ,653 3) 
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% _ the limit of stability. Therefore, the assumed trial value of the cohma loads © 
; is too low. A slightly greater load should be be chosen fora second trial, ‘if the 
as Following the above procedure, one with an assumed load corresponding to. : 
= 2.4, or P = 2.4 (125,303) = 300, 727 it may be determined that H = 2351 lbs. 


By interpolation it is found that, for H = 2246 lbs, p = 2. 311, eae ae * L 
the critical load to be Poy = 2.311 (125,303) = 289,575 Ibs. i a 


Sidesway Buckling with Unequally Loaded Frames .—The 
procedure are applicable to cases in which the frames are not identical or not 
¥ identically loaded. _ As an example, the frame of the 
for stability for loads equal to 2.4 p on the third Geeans 2.2 pon on the 3 remain- 


_ Since the bracing system is path tno from the previous nite the table 


98. 200 0 x 21 


sunt x = 10 


0 x 2116 y; + 67. 219 x2116 yp + 117. 885 x 2351 ya 


28690 0.46412 ¥3 + +0. 24944 y 


0. 09772 + 0. .14236 yo + 0. 27715 ¥3 + 0. 27060 y4 = 

or saan the iterative process, initial relative deflections are selected 


a 
arily and peaneien into the left-hand sides | of the preceding. equations. 


value is slichtlv below value of 2246 hat was found to define 
— 
— 
. 
4 F 
y1 + 194.440 x 2116 yo + 135.584 x 2351y, 
.. 
These reduce t — 
Bar 26929 yy + 0.20775 +0.09772y,=uy, 
0.20779 y, + 0.4114 + 0.14236 y, = 
— 


the third cycle convert can serve as an accurate 


her 
Since this quantity is less than u the s is under the assumed 4 
— loads. In fact, the loads “may be: increased somewhat | before the structure would 
buckle in the sidesway ‘mode. It m may be noted that the same result would be ob- 
tained by using the values at any of the other frames. It isalso worthy of men- — 
that the lower and limits | based results of the second icycle 
Thus, if the process were ‘Stopped at this point the value of uwere 
used, it would be known to be correct to within = 
TABLE» 4. —ITERATED VALUES OF OF — 


Second Cycle 0.575 | 0.919 0,980 0.646 


Third Cycle p 0.920 0.981 0.646 
: In 01 order to establish the magnitudes of the critical loads, the s stability. of the a7 
structure under asecond set ofassumed heavier loads may be investigated. If, van 
‘however, it is only desired to obtain a fairly dependable estimate of the critical 
_ load on the thirdframe when the loads on the columns of the remaining frames 
are 2.2 times the Euler loads, such an estimate may be obtained by an extra 
polation based upon the present and the previous example. = 
implement this approach, one may note from the previous that, 
under on all it wan that 


3 x 2116 x 10° =o, 942 
_ Extrapolation based upon p=0. $42 when p3 = 2.2, and 0.981 = 2.4 
7 _ yields = 1.000 when pg = 2.497. . Hence, when the axial loads on the «ool 


of frames 1, 2, and 4 are 275,677 pounds per column, the axial lends 0 on the col- Ve 
~umns of frame 3 are 2.497 x 125,303 = 312,882 lb. 


The computed vaiues of yj are then normalizedand again substituted into the 
gabove equations. The process, repeated until convergence is obtained, is re- 
a te 
— on 
— 
— 
— 
= 
— 
q 
i 4 
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SPAN ‘PRESTRESSED CONCRETE FOLDED PLATE ROOFS? 


tM. ASCE, an and B. H. A.M. ASCE 


itr 

ppreeiiene are . presented herein. The economics of such design | is indicated i 
_ including actual construction costs of four roof structures. A simplified = 
- sign procedure is outlined and a typical case presented. Field experience with 


F 


The design and construction methods utilized | for creating low cost, long 

wor fire resistant roof structures are presented. It is generally agreed that ee 
a es building costs must be reduced to the minimum, yet the continuing demand nail = 


‘spans usually results in pushing cost ever upward, 
Bs. has also been recognized that in order to obtain longer span construction, 
3 ag _ the shape of the structure becomes a dominant factor. The proper utilization ~ 2 
g shape for economical usage of material can and does result in enhancing _ 
the esthetic value. The full utilization of the structural eliminates 


a of superfluous embellishment can become quite expensive. 


- ee, Note.—Discussion open until March 1, 1961, 1, 1961, To > extend the closing nape one — 

written request must be filed with the Executive Secretary, ASCE, This paper is 

= of the copyrighted Journal of the Structural Division, Proceedings of the American So- 
ciety of Civil Engineers, Vol. 86, No. ST 10, October, 1960, 
|, 
:: Presented at the March 1960 ASCE Convention in New Orleans, La, ee eee 
1 Cons. Engr., Memphis, Tern, 


Assoc., John C, Brough, Jr. , Cons. Engrs. Struct., — Tenn, 
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and because it furnishes esthetic interest. Selection of concrete 
—s thee shell material furnishes a high degree of fire resistivity, e: ease of molding 
the desired alinement and profile, a great degree of permanence, and low : 

construction and maintenance costs. totmat 
| ea The decision for utilizing concrete narrows is the remaining problem to that 

A of obtaining the most economical usage of materials that will provide the re-_ 
rh quired loading: capacity. The profile of the folded plate roof has an important _ 

E bearing on the economy of the structure. This corrugated configuration | can 7 
however, have many variations to “accomplish the requirements of the con- 
"struction, Each must meet the needs of its span conditions, that is simple span 

or multiple span with varying conditions of continuity. 

Let us consider, for example, a simple span of 623 ft in which we shall 

; arbitrarily assume a column spacing along the ends of this longer span of, , ay, 

23 ft. The slope of each plate will be assumed to be 3--on- 12, vertical sa 


to be 3 nsuitable for conventionally reinforced concrete due to the very ‘small 
a area of concrete available at the ridge, causing high compressive stresses and — 
j Ve very high percentage of steel reinforcement necessary. This can primarily Ae 
7 be attributed to t the shallow ratio of depth from ridge to valley for the long 
span of 625 ft and the absence of sufficient concrete area in the ridge. 
ae 5 Several remedies for this condition become readily apparent. These could cs 
: be (1) to steepen the slope of the plate and add a third plate horizontally at the : va 
ridge: to provide sufficient concrete area to reduce the high compressive 
a stresses, (2) to steepen the slope of the plates in order to provide a deeper _ 
section from ridge to valley, (3) to provide a combination of each of — 
a stated in (1) and (2), or (4) prestress the structure to utilize all of wal concrete a 
‘This paper shall advance a method of ar analysis | for the design of sabi es: 
tensioned prestressed concrete folded plate structures. The entire cross- 
sectional area of concrete of each plate will thus be utilized for flexure as a ‘I 
hy _ The ‘design of the structure is more easily understood with the assumption - 
< one — individual leaf isolated from the others (Fig. 2). Consider the plate 


_ oriented in its working position and compute its section properties about the | a ; 


horizontal axis extending through its center of gravity. 
Notation.—The letter symbols” adopted for use in this paper are defined 
Where they first appear, 


in alphabetically, igs convenience of reference in the Appendix. 


; 3 Fig. 2 indicates the terms used in the following presentation. The formulas 2 ; 

used in the design will be derived. 3 The moment of inertia of an inclined a “a 


_ on a horizontal axis taken thru c. 6. of section is derived as follows: as 
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in which t! is the slab thickness normal to slope, ais | the slope rise on 12, :* 


m™ tis ‘the vertical thickness: of slab, and H refers to the height valley to: ridge 


The tensioning force for ‘zero in he under 


1e prestress 


W 
fete from the c. g. and r is the kern me poe. The top fiber stress, 
Ne 


stworkingkadis 


in which is the allowable concrete unit stress is ‘the vertical height 
. 2 the. section valley to the ridge, , and rey is the area of the concrete. The 


ottom fiber stress eicih initial condition at transfer 
kt 


ane section is completely supported in this position by adjoining leaves 
connected at the top and bottom of the plate under consideration. | be 


& aes as for any homogeneous beam, that : is, , rectangular in n shape. ‘The top 
_ surface will be in compression, the bottom in tension under gravity loads. 4 
Application: of a ‘Sufficient prestressing force at a sui table distance below the 


— 
a, 
4 
in all prestressed lines of the — 
inciple utilized f the plate is rted at the fold ;nominal 


steel as dictated by slab and bending moment. Distri- 
~ bution bars are provided in the longitudinal direction ia an amount uganda 
The prestressing tendons extending in the longitudinal | direction = 
- are draped parabolically to locate the center of force at or above the _ 
lower kern point at the ends of the span, This will preven; the occurrence 
tension in the concrete at the ends of the span. 
_ The eccentric force application by the prestressing-steel cambers the sec-  &§ 
‘adn along its longitudinal axis, offsetting the deflection normally present 
in conventionally reinforced concrete. The resulting camber supports the plate _ 


in its geometrical position, thus eliminating critical secondary stresses caused 7 


encountered in conventionally reinforced concrete. Reductions of the plate % 
1G action deflections a along the | ridges and valleys permit analysis of the trans- — 
—_ slab by moment distribution with a reasonable degree of accuracy. ha 
The ends of the plates behind the anchorage are thickened to provide for 7 
distribution of the concentrated force applied by the tendons. . ‘Additional rein- _ 
forcing in the form of transverse and tie steel is provided in the area 1 imme- 
_ diately behind the tendon anchorages to resist the bursting of the concrete 
The end leaves of a transverse section through the structure must t be 
rovided with tension ties to resist the horizontal force component. This may 
accomplished by providing a tie beam, gable wall or other means, at or 


near the supports, that is adequate for resistance of the horizontal reaction. 
Construction methods utilized for forming, s steel placement, concrete place- 
eo ment, curing and protection, ‘tendon tensioning, and grouting follow the normal 


_ ‘The authors have four ——— completed to date (1960), utilizing post- 


earliest was a roof structure for the Richland Elementary School for - 
Memphis, , Board of Education (Fig. 3). This building was designed 
1956, and constructed in 1957. A photograph of the complete building is shown 
‘Fig. An addition, including additional folds to the prestressed co conc 
folded plate roof over the cafetorium is under construction (1960), 
- a The Memphis Art Academy also utilized the methods described in this = 
sentation | (Figs. 5 and 6). The prestressed folded plate roof covers the third 
_ floor and is located approximately 50 ft above the first floor. Shoring had to be 
provided for the entire height in order toconstruct this structure in place. At | 
; some future date this project | will be enlarged to approximately four times 


$ its) present size of 69 ft by 98 ft-4 in. to proposed dimensions of 320 ft oy 

ft-4 in, and cover an entire 

-. _ ‘The > Holiday Inn in Sarasota, Fla., utilizes a prestressed folded plate 
roof over the one story private club facilities. (Fig. 7). A different exterior 


the end walls, the gables are open and glazed, and thrust being taken by ten- 
“aa sion ties between supporting columns located approximately 3 ft below the low | 

point of the valleys. The valley is shorter than 
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.9 .- EXTERIOR VIEW OF FOLDED PLATE ROOF UPON COMPLETION | OF 
CONCRETE PLACING. RICHLAND ¢ JUNIOR HIGH SCHOOL 


— 
UNDERSIDE OF FOLDE 
— | VAL, RICHLAND JUNIOR HIGH SCHOOL. = 


structure encloses and a a 
‘cafetorium, The span is 963 ft and slab thickness of 5 in. was necessary tor 
the valley frequency of 25 ft. 
_ Insulation of the folded plate roof slabs on each of the four projects —— 
scribed this: paper was accomplished by means of welded wire mesh 
reinforced vermiculite cast- in-place concrete. An excellent insulating co- 
efficient w was obtained by using a mix of one part ce 
ment to six parts of vermiculite ‘aggregate 
Rooifing materials for the Richland Elementary and Holiday Inn 
- was of the conventional type having a five-ply built- up asphalt and felt, with oe 4 ; 
ge gravel surfacing. Roofing for the ‘Memphis Art Academy and the Richland ‘oe 
im Junior High School projects was “Cocoon,” which is a vinyl- plastic aqeages 7 
i ae Ceilings within each of the structures were finished vermiculite acoustical 
d plastic applied directly to the bottom surfaces of the concrete slab. Thus, a be a 
pleasing esthetic value was achieved which was proven to have very excellent © 
= acoustic absorbsion characteristics. _ The total completed structures accomp- 


with 


was by utilizing steel scaffolding of the demountable 
_ type. . For shoring to the ground, wood trussed rafters were placed on top a 
(Fig. 11). The trussed rafters | simplified the ergction of the 
straight gable shape of each bay. The deck was placed, using jin. p ywood 


applied directly to the top of the wood trussed rafters. The design +. = : 


tions for dimensioning the structure to use full size sheets of realized 
Reinforcement-placing was handled in the ‘conventional manner with 
tion in placing sequence, Bottom layer reinforcement was the ——eenel 
ee distribution ‘steel, supported on slab bolsters extending from valley to ridge. 

The -slab’s ‘positive moment reinforcement, extending transversely, 
i placed on top of the distribution steel. The prestressing tendons were placed ? 
, z directly on top of the bottom steel and tied to the bottom mat at the correct = 


- prestress force at the bottom kern point at the ends. The bottom tendon — os 
_ tended straight through at the valley. After all tendons were placed, the end at . 
4 _ bearing plates were anchored to the endform. All cable sheaths 


permit leakage of cement ‘mortar and hamper elongation of the prestress 
reinforcement. The reinforcing ware for slab negative moments at the valleys | 4 
and ridges, stirrup ties and grids for resistance “of bursting of concrete at 
_ the end anchorages were placed last. Fig. 13 shows the placement of prestress i 
Br plates, and conventional reinforced steel at.a ‘sup 


_Prestressing tendon couplers were necessary for the long cables were 
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. 13,-VALLEY OF FOLDED ROOF AT SUPPORTING CO} 
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i 
handled and no difficulty was s experienced in the mater- 
= ial. Finishing requires more labor than the conventional level surfaces and 
particular care must be exercised in screed placement to yield the desired 2 
yi straight lines to the ridges and valleys. Concrete placement in the vicinity of Ss 
+ the prestress tendon anchorages and bearing plates must be performed most 
carefully as stresses not any poor | concrete or 
tensioning was until the field cylin- 
ders verified the specified minimum strength concrete. A sequence of tension- " 
a ing cables was selected to keep the center of prestress forces as near to -_ 
_ center of gravity of the final prestress force as possible. Each leaf had sonal 


pecormes by jacking from both ends simultaneously to reduce, as much as a 
Bee sg the differential stress along the tendon created by friction within the 


by manufacturer seems toc come closer to indicating the necessary addition- 
al force. Very little difference in frictional resistance could be observed a 
tween tendons having large drape and angle change as compared with the 
—— tendon. . It is concluded that the wobble of the conduit along its 


ot is the angular change of the parabolic drape of the tendon. The delay — 
created by the time required for the frictional slippage of each tendon to take © a3 
place” within the flexible metal conduit was reduced by tensioning each cable a 
to the maximum initial force permissibie to keep the end bearing stresses 2 . 
_ within the maximum allowable. All cables were then retensioned to obtain 
the total required elongation, The two-step tensioning necessitated some ‘book- 


& cement grout was very. efficient and ste in its action (Fig. 15), whereas 


ECONOMICS 
ors costs fo these four projects: are in Table 


arn 


7 of final force actually furnished in each tendon is also available as a by- 


if 
amount of over-tensioning necessary to overcome friction are inadequate. 
= 
a’ 
‘at 
— a 
— 
— 
- 
.—l 
ne 
oe : +45 section for the inclined position to the vertical axis in which it is to pe Mn 
4 i ri This moment of inertia of one plate is derived by Eq. 3 with a slab thi a 
‘3 of 4— in. normal to the slope, anda slope of plate 3.5 vertical to 12 hori e e 


we October, 


r=" 


— 
_ 


FOLDED PLATE ROOFS 
| 


3 _ 
(40.25) 87,300 in. 


11.5-by-12) = 


647 in. e | 


22.47 

is the kern 1 point and r is the radius of gyration. i 

- Assume center of gravity of tendons” as being e’ above bottom of som at 


Prestress force eccentric arm is therefore: 


=c - & = 16.47 6.0. 


the longitudinal bending moments | acting onthe section for the dead 
: load of the slab, the applied dead loads such as the roofing, insulation and ceil- 
ing, , and the live load for which the structure shall be designed. 
: values shall be used as an illustrative example. 
load consists of the built up rooting (5. 5), 
"applied 2 in. vermiculite concrete insulation (6.5), and the in. acoustical 
a plaster (1.7) Dae a total additional applied dead load of 13. 7 psf. The 
live load d was” 25 a, 


va 


lis 


2 TABLE 1, 


Concrete Finishing 6112 sq ft 0. 188,38 
Curing & Protection | 6112 sq 
6232 sq ft 


1,721.61] 
Sales 3 Materi 
3% 


F.O.A.B., ‘ss & Insurance 
Area Covered = 63.63 ft 93. 0 917.6 


JUNIOR HIGH SCHOOLD 
TENNESSEE 


~ TMA TOTAL 


3750 pei Conorete 00 | $15.30 [§ 1,179.00] $ 6,012.90 |$ 7,191.90 
Concrete Curing © 
& Protection _ 371 sq. sa ft 
 &Shoring 24,007 sq f 0.371 | 0,20 “8,906.60 4,801.40 
Reinforced Steel 87, 077 lbs” 1,141, 4,851.55 5, 993 


Steel § 11,746 linearft | 0. 0.60 061,52 46 


Net 


TENNESSEE 

: 


Concrete 


__ Quantity [TABOR MATERIAL] LABOR [MATERIAL] TOTAL 
| $ 1,091.70/$ 1,517.40 
— 
4 iim 
— 
— 


ITEM QUANTITY | 


Concrete Finishing 6 6,687 sq ft 
485 sq ft 0.75 0 1,864.00} 870.00] 2,734.00 


Reirforced Steel 29,610 lbs 0.0 3 211.70 

tendons 250 linear ft 
- 3 6, 5,962, 721.50 $20, 683.70 
‘Sales Tax 


bs Labor, Tax & Insurance 


225, 50 


1,084.00 


22,829, 


HOLIDAY I 4 


= 98, 33 tt by 69.0 0 ft = =6 185 ft = $3.36 per foot is 


3750 psi Concrete  92cu yd 
Conerete Finishing | 6,660 sq 
tion and Cure 6,660 sq sq 
Removal 7,214sqft | 0,415 
_IntermediateGrade| 
Reinforcing 16,650 lbs 


Tendons 1,765 linear ft 


Insurance, SS, F.O.A.B., Etc, 


Horis, se Covered = 73.17 ft by 84 ft = = 6150 eq ft = ad $1.9 5 per square foot riage - 


- 
7 aa Roof over cafetorium spanning 62 ft-8 in., slab thickness 4 1/2 in., valley frequency 23 ft 
0. c,; slope 3 1/2-on-12; 7-1/2 in, thick reinforeing gable end wall ties included. 
Post-tensioning tendons 4 per leaf @ 62,5K ea.; “Prescon” 10G2 Cables. = 
Bb Roof over gymnasium and cafetorium, span 98 ft-4 1/2 in., slab thickness 5 in,, valley fre- 
quency 25 ft 0. c.; slope 4 1/2-on-12; 8 in, thick reinforcing and prestressed concrete gable i 
_ walls included, Post-tensioning cables per leaf @ 70.2K ea, Stressteel Corp, 1 1/8 Rod Ten-— 
vr _ © Roof over third floor of art cubes! spanning 94 ft-8 in., slab thickness 5 in., valley il : 
quency 23 ft 0. c.; slope 4 1/2-on-12, Thrust of end leaves resisted by tensors across ridges" 
- located at quarter points and by 20 in-by-24 in. concrete rigid frame supports at ends of span 
tendons 7 per leaf @ 84, 5K Prescon 12G2 Cables. 
Roof over club; span 60 ft; slab thickness 4 in,, valley frequency 15 ft 0. c.; slope 4 1/2- 


on-12; 8 in,-by-16 in, tensor ties @ 3 ft below valley. Post-tensioned 3 per leaf 


— 
— 
— Horiz, Projectio | 
— 
16.00 |$ 391.00] $ 1,472.00/$ 1,863.00 
— 0,005 | ~—-66 00 33.00) 99.00 
2,993.81) 1,298.52) 4,202.33 
— 
— 4 
— 
— 
= j ‘ 
4 
— 


~ conventional methods for computing the required prestressing f force to furnish 
4 stress in the bottom at midspan with load moment. 

| 
536, x 12,000 _ 

‘Using, say, four cables 1 requires 


tendon, . The initial tensioning force required for each cable should be in- 
ts creased adequately for overcoming tendon friction and wobble of conduit. __ 


Solving for the several stresses occurring inthe section due to moment, pre- 


stress force, and eccentric arm we have the following: 


0 psi bottom compression 


“which h is the vertical above or below the c. of the concrete 


ee 


(1. = 968 8 psi compression 
ae 


Using the allowable steel and concrete stress 
Steel t's = ,000 pai t'sy 


design loads - ‘compression 0.. 1,688 

bearing p= = 0, 6f’, Ay 3 3,750) 


‘The position of the prestressing steel can be varied throughout the length 


draping the tendons in ‘either a circular o or tangential 


alll 

2 

4 eS al the time Of transier OF prestress — 

ig 

— 
— 


: pon area for transfer of the concentrated forces exerted by the end-bearing | 
plates of the prestressing tendons. The stresses occurring at the bearing 
_ plate are usually the most critical concrete stresses that will be encountered — 
in the folded plate se section and particular attention should be given this area. 
- The jacking forces required to stress the tendons to initial stress will need 
to be increased to overcome friction and wobble effect. Most manufacturers a 
_ ‘standard end bearings are designed for use with 5,000 psi concrete in lieu of — 
the 3,750 psi concrete sufficient for all other "requirements of the section, 
Additional thickness is easily obtained by tapering the end-4 ft uniformly in 


the form of a symmetrical haunch above and below the slab - the additional — 
the area of steel required as being 


‘Check the unit 
= 34.4 kip 


62.5 
- Span) out to out tendons equals | 64 ft. 
a 
4x 286, x0.87 _ 15. SK 1 = 87, 300 in. 
1.94 + 


19. 
in which v is the unit shear, Q is the moment of the area andbisthe hori- 


zontal proje ction of the plate width. 


The principal tensile stress oo as follows: 


7.06 


if 
24,300 + 48,900 - 221 
50 psi = 112 a 


271 - 221 - 50 


— 
— 
| 
tm 
a 
— 
— 
— nci- 
— 
— 
| 
— a 
— 
— 
— 


= (436)2 + + 48, 900 - 221 


= 190,¢ 000 - + 48, 900 - 221 


¥ 374. - - 221 = 153 psi ok 
section is checked for cracking moment. Assume the modulus of 1 rup-_ 


ture of the concrete equals 0 0.14 f', (0.14 = F(e + (286 


41 +6. 0) = 


_ 170 ft - kip 
‘The factor of safety against cracking = =e = 1.32 times TL a ct 


The he factor of against live Toad eracking isdeterminedas 
4 ~ 140. 4° 
The section is then checked for ultimate moment. The ultimate selisilte lie 


fhe Ag = 240, 000 x 2. 0 = 480 kip 


force is is resisted by f" (average) (See Fig. 16) 
0. 85 fo= 85 x 3750 = 3190 psi 
150. 


Total compression = 


The ultimate center of resistance below top fiber is then 
Compute equivalent width as: (12/3. 5) 4.5 in, = 15.43 in. 
7 _ Compute Area of top triangle - = (4. 69/2) 15.43 = 36.2 sq _ ee 
Pies _ Additional portion of stem necessary = 150.5 - 36.2 = 114.3 ws a? 7 
Additional required vertical depth = 114,3/15. 43 = 7, 7.40 therefore 


lm _ 36,2 (2/3 7.19 in, below to q 
‘Ultimate lever arm 94- 6 (6.0 + 7.13) = = 31.8 8 in. 
‘Ultimate M - 480k (31. 8/12) = 1272 ft -kip— 
the factor of safety for TL = 1272/5386 = 2.83 times total load 
,= 6.25 times (LL + DL) 


whereas the factor of safety f for 


‘The shear is t 
= 
— 
— 
— 
— 
— 
LA. & 
— 
— 
4 ix 
4 
= 
= 
— 
: — 
al 


tional moment distribution methods utilized i for continuous structures The 

= span length is the: slope length from valley ‘to ridge. The valley and ridge 
a r. serve as support for the slab. This being a short span, 11 ft -6 in. in the i 
moments will be no greater than would be a level slab 
_ For example, assume fixed and negative moments at the valley and ridge 

and | midspan_ positive moments of one half this value. Compute sti 


_ -2 ness and distribution factors in the usual ‘manner ane and compute ‘the maximum £ 
oe and minimum moments for each span. End leaves deserve special considera- 
a tion and need provision for support by means of columns, edge beams, up- = 
ie turned leaf or wing or thickened to provide stiffness to the cantilever ial 


Analysis of a 1-ft wide strip transverse to the main span is ses OO 
Wat = (4, 5/12), 144 = 54 Ibs Wi = 25 (Cos 6) = 24,5 Ibs a 


ll 

We pst at wil = =68+245=92.5lbs 

816 ft . kip = 92.5 x | 2)? 1,11 ft - 


12 


te 


Distribution fact factors = 1. 0; 0. 43; 0.56; 0. “ 


= 


-.816 i 816-.816 
-0,15+,11- 15| -0. 15- 0.15 
-1,26+,11-1,26] -1.26-1.26 


.09 1.49 40, 81 -1, +, +78 -1.26 18 1, 26 
+0, 216 - 296 +0, 161-252 +, 155-250 
~ 3 @ Gin. oc ‘No. 44 in. oc No.3 3 Gein, oc No. oc No. 3 @ 8} in. 
Distribution Steel Longitudinal = ©. 0025) (4.5) (12) = No. 3@ 10 in. o.c. 
Average Steel per square foot = 0.337 sq in = 1.15 psf 
1% —— The end leaf is unopposed. . Therefore, a tie must be provided to resist the 5S 
horizontal component. Thus, the vertical Load of end leaf = 1. 11 (81.25) = 
: - 7 kip, and the horizontal ‘component = 34. 1% 12/3. i = 119 kip. This can be | 


he 
4 
4 
( 
— 
| = 
— 
4 
— 
— 
— 
4 
— 
— — -0.13+0,13-0,56 | -0,15+.12 
2. ~1,67 | -1.26+,13-1.2 
+, 
= 
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by 


resisted by a prestress ‘force of this amount or reinf. ‘steel =- 


‘The the moment due to prestress ( Fig. 
M due to prestress = p e = 336 x 6/12 = = 168 ft 
Mat ‘Slab = 315.5 ft -kip 


Mai Applied = 80,1 ft 
M 1 4 ft - -kip 


"Instantaneous upward due | to prestress is 


(168 ft. kip 
0,85 x 1,14 = 965 in. 
wnward deflection due to M 
x 315.5) 62.52 x 12 x 12, 000 _ (1 arin 2.0 10%) 


after loss | of and effect of creep, 


Instantaneous downward deflection due to live load eee is 
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FOLDED PLATE ROOFS 


= area of steel; _ 
Bo = of valleys; 
horizontal projection of plate width; 
= vertical distance from c.g. to top or bottom 
= center of. gravity; 


= eccentricity of prestress force from the 


= prestress force after losses; 


design concrete ete strength; 


= allowable steel unit 
= ultimate strength of steel: 


= ‘vertical of of section valley to ridge; 


= kern point; 


stitiness 


length of span center to center of supports span; 
= mo ment of 
= radius of gyration; m 
= principle tensile stress; 
= principle tensile stress for ultimate; 
thickness of slab normal to to section; 
= thickness of ‘slab vertically; 
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Freeze and thaw tests were on 48 specimens representing 


strength | levels of 5,000 psi and 3,000 psi. Some of the beams with a 5, 00 


strength were post-tensioned throughout the | test. Significant improve 
ment in the durability was found to result from post- tensioning of the beams. 


than unstressed ‘concrete. imaite of the same mix and also better 


bility than unstressed concrete made of a leaner mix. —— vane 


ODUCT TION 


‘the United States, “the use of concrete has to the 
"i that detailed information tion concerning its physical characteristics is ur-— 
er _ Prestressed concrete offers many advantages and has many | new and im~- . 


1 use of at concrete, the absence of cracks as a permanent feature 
can be assured up to maximum design loading. Prestressed concrete mem- — 
_ bers having: large ‘span-to- -depth ratios can be used. This means a saving in 
the volume of concrete to be used in a given structure. The preatressing 
steel used i is a -strength of steel re esulting ina emailer of 


Note -—Discussion open until March 1, 1961. To extend the closing date one a ; | 
a written request must be filed with the Executive Secretary, ASCE. This paper is part 

; - of the copyrighted Journal of the Structural Division, Proceedings of the American 1So- 
re ciety of Civil Engineers, Vol. 86, No. ST 10, October, 1960. 

7 vet @ Presented at the March 1960 ASCE Convention in New Orleans, La Pasco 

1 assoc, Prof, of Struct, Engrg., Purdue Univ., , Lafayette, Ind bass art 

4 Design En Engr., Pic Pleroe, Gruber and snd Beam, Inc., Indianapolis, Ind, 
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ay in the cost ratio of to in the United States, 
2 compared to some European countries, has influenced the direction of the | 
development of this new use of materials. With the birth of this new era of 
prestressed concrete, a: field has been opened for research to study the phys- 
4 of this new combination of — and pre- 


ee The effect of freezing and thawing on ordinary concrete has been investi- 
gated extensively. Among the leading researchers this field are D. Ww. 
Lewis,? F. F. Bartel,4 L. C. Pendley,5 J. G. Higgs,° S. Walker and D. L. 
aa Bloem,? F. H. Jackson,® and L. O. “Hansen.2 In 1949, Pendley reported a 
2 study wherein beams restrained from expansion were + Subjected to freezing — 
and thawing. Although his arrangement did not directly involve prestressing © > ae 
‘a as we know it, he found that restraint of concrete decreased deterioration _ 
caused by exposur ‘suggested that increase in durability of r 
strained beams was apparently due to the prevention of cracking perpendicu- 
_ lar to the longitudinal axis of the beam. The cracking pattern in the re- a _, d 
was parallel to the beam axis as compared toa random 
acceptable explanation of concrete failure unter, repeated cycles of 
- freezing and thawing was the hypothesis presented by T. C. Powers.10 ’ This 
& hypothesis presents the action of frost as being the cause of hydraulic pres - : 
sure taat tends" to. cause the deterioration of concrete. This hydraulic pres- 
ss sure one on many factors, the most important of which is the perme- 


were emphasized as important factors in discussing freezing and thawing alee 


Prediction | of the durability of concrete to be used in a structure by means a 

ae of a laboratory test is practically impossible. The problem of trying to i 

7 precisely the same concrete in a test specimen as you would in a ee 
an nd then being able subject this specimen the same temperature 
ae moisture gradients, and load conditions as the structure in service 
make the task more difficult than ever. The only true test would be to ob- 


serve the actual structure in service tests have been conducted with q 


a “Research as Related to Aggregate Specifications,” by D. W, Lewis and : ~~ 
| Proceedings, 35th Annual Road School Extension Series No, 69, Purdue Univ., pp. 155- 


“Effect of Air Entrainment on Resistance | to and of Concrete 


a Thesis, submitted to Purdue Univ, in salad fulfilment of the requirements ‘for the 
of Master of Science in Civ, Engrg., June, 1949, 

_ 6 “Influence of Fine Aggregates on Concrete and Mortar Durability,” by J. G. 
; ar ‘Thesis, submitted to Purdue Univ. in partial fulfilment of the requirements for the de- | 


gree of Master of Science in Civ. Engrg., February, 1950 


: hy.» “Study of Sands in Concrete Subjected to Freezing and Thawing,” by S. Walker and 


Bloem, Circular 34, Natl, Sand and Gravel Assoc., August, 1949, 

“= % “Resistance of Concrete to Frost Action as Affected by the Water- Cement Ratio, oil 

a by F. H. Jackson, Proceedings, Highway Research Bd., Vol. 11, Part I, p, 227, 1931. 
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CONCRETE 


es indicate the potential frost resistance of concrete in service. At the present — 
= time there are four different tentative methods recommended by the Ameri- — 
i can Society y for Testing Materials (ASTM) as ‘these methods were the possible 


PURPOSE AND SCOPE 


compare the fre zing and thawing effects 8 on prestres 
and concrete for specimens of the same mix «giving 2 an 


ha, ‘made with | a leaner 1 mix x given an ultimate strength o of about : 3 PO psi after 28 


“accommodate a ‘reasonable number of beams a as s large as s 3-in in. .-by-4- in, .-by- 
in. A post-tensioning arrangement was used inorder to develop the desired 
force throughout the full length of the prestressed specimens. 

_ Two — of tests w were conducted in this study. Two different mix designs ~ 


. compression test cylinders) ¥ were mile on bate of concrete, : 

- resulting in twenty-four beams for each: series. ~The results of freezing and 
thawing tests on a total of forty- eight beams are thus reported in this study. st 
‘Series I and II were identical in all respects except for the time of curing. | +1 
_ Series I was cured for 28 days and Series II was cured for 14 days. In each as 
a "series, mix designs A, B, and C were the same and were intended to havea _ 
ie minimum ultimate compressive strength of 5,000 psi. Mix design D in each act 
Series was intended tc have a minimum ultimate of 


a extensively and has a fairly good field performance record. The gravel was ns 
separated into four gradations: J in. to 3/4 in,, 3/4 in, to 1/2 ‘in. , 1/2 in, to b A 
a in., and 3/8 in. to No. 4. _ Equal weights of each gradation were used. 4 
‘The sand was divided into two parts, with 66% of the mix design weight 
passing a No. 16 sieve and 34%, by weight, retained on the No. 16 sieve. — 
q portland cement was used in all mixes. Darex was used as the air entraining — 
in mixes. The steel bars were §/8-in, round high 


hope: that uld help inthe development ofa 
— 
J 
— ae & 
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compare the effect of freezing and thawing on prestressed concrete 
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The this “study was available in n the. Joint Re- 


search Project and the Purdue University Materials Testing and Structural — 

_ Engineering Laboratories. This equipment consisted of the concrete mixer, = ; 
vacuum saturating unit, and the freezing and thawing apparatus . Anew 60- ton aa 
= Simplex hydraulic jack with 3 in. of travel was employed in the post-— ; 
tensioning of the beams. A certified gage calibration was furnished with the — a a" 
_ jack and this calibration was checked by the use of a 120,000-lb Baldwin Uni- es ¢ 
_ versal Testing Machine. This positive check on the applied load permitted the 


use of a rather simple jacking arrangement. The jacking unit in operation — a 
‘The steel forms normally used for 3 3-in. -by-4-! 4-in.. \.-by-16- in. ‘teeese- thaw 
specimens were used with some minor alterations. New ‘sliding end plates 
were prepared with 11/16 in. holes drilled in their centers. Two C- clamps 
the ends of the forms maintained the proper dimensions of the beams. The © 
molds were covered with a light film of oil before the concrete was placed. i be 
The Stressteel bars were placed through the holes in the end plates and coated 
. with  ¥ lubricant to prevent the development of bond between the steel and 
_A typical form used to mold the beams and a _ completed beam 
shown in Fig. 2. The cyclic range of the freezing and thawing apparatus was a ‘ 
between 0° F and 40°  F. Approximately seven freeze-thaw cycles were ob 
tained for each 24 hr. period, The time to complete one was in accord 


ance with the timing suggested in ASTM C291-52T. 


of a variable frequency oscillator, a variable frequency driving unit to induce = ; 
- controlled frequency vibrations in the specimen, and a milliammeter to meas- 
ite the current flow from the pickup. When the induced vibration is the same 
frequency as the natural frequency of the beam, resonance and is 


fae _ The natural frequency measuring unit in these iittala was composed 
4 


a current flow occurs at the fundamental frequency of vibration ‘of the acne al 
- frequency of the induced vibration can be read directly on the oscillator 

dial. ‘The ‘measuring unit is shown in Fig. 3 

; The concrete mix designs A, and Cc were the same and were designed es 
4 ers strength of 5 ,000 psi af after 28 days. Mix D was designed for a strength — 
of 3,000 psi after 28 days. Detailed information concerning the mixes is 


Each mix concrete for three 6 in. compression 


_letter- number as shown in n Table 
_ ae specimens designated by letters A, B, or C followed by numbers 1 or P20 ay: 


oA 
4 
— 
Lee 
— 
— 
= 
— 
— 
— 
— me solution #§ 
mthelime 
— 
— 


1, —SIXTY-TON HYDRAULIC SACKING | UNIT AND SF SPECIMEN 


— — 

— a 


and 100% of elasticity, ‘These were meant to 
represent an ordinary concrete beam made of a rich mix. There was a total 
of six of these beams for each of the two series. The beams were tested for 

_ the fundamental frequency about every twenty freeze- -thaw cycles and were a 
weighed. ‘Each beam had a steel bar | inits center. 
_ All specimens designated by letters A, B, or C followed by numbers 3 or 4 | 


were tested for fundamental frequency and were thus giving the zero 


FIG, 3,—THE NATURAL FRE 
_ SPECIMEN IN POSITION FOR TESTING ic 


the freezing and thawing apparatus. The beams were tested every 


Specimens: designated by letters A, B, wa C followed by iusddeliaes 5 or 6 
were post-tensioned to 2,000 psi before any readings were taken. This force 


a eft on the beams throughout the entire test oe ae re initial force 


— 
q 
I 
value of 0.4 ioni leasedeach 
Gaming machine. The post-tensioning force was released ¢: 
— 


_ CONCRETE 


| 
5,540 
5,110 
3, 740° 
000° 
5,600 | 
5,800 
3.730 
All mixes were designed initially by the b/bo method. 
Standard 6 in, by 12 in. cylinders—28 


Plain Concrete Plain Concrete Prestressing Permanently 


Steel Bar in | Steel Bar in Force Released Prestressed 


~ 


B6 
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was applied, these beams were oweignet and tested for the fundamental trans- _ J 


verse frequency. They were tested periodically about cycles. 


f were 2 cast with a steel bar in the center similar to the other specimens. they 
were tested periodically for weight and fundamental transverse or at 


The test procedure consisted of determining the na‘ fre- 
— and weight of each beam at intervals ofabout 20 cycles of freezing and 


which is Young’ s ‘modulus of elasticity, in pounds per square 
oe inch; W denotes the weight of specimen, in pounds; n is the fundamental trans- . 
vera frequency, in 1 cycles - second; ; and C Crefers toa constant for any given 
—— absolute value of the modulus of elasticity ‘could be obtained by Eq. a 
= for comparing the durability of various specimens, it is only neces- 
‘sary to obtain relative values. The ASTM specifications permit the e assumption — 
that C and W remain constant throughout the durability test, although disinte- 


ration of the probably to tose values, 


and thawing cycles can be to > represent deterioration of the concrete 


specimen. Hence, relative value of Young’ s modulus computed from frequency 5 


ing and thawing on the durability of a given type of concrete. Considering the | 
initial fundamental transverse of a specimen to represent Young’ 


of freezing and thawing; denotes the fundamental transverse frequency after 
o: cycles of freezing and thawing, in cycles per second; and No 
_ mental transverse frequency at zero cycles of freezing and thawing, in cycles 
relative ‘moduli of elasticity were computed for each specimen follow- 
ing a “measurement of natural frequency. The weights of the specimens were 
recorded throughout the experiment. Excessive pitting and pop-outs during 
= a? experiment, even at early stages, rendered weight analysis meaningless, 


durability factor was the vam C291- 


cadings O au au B tie proc OU ate tle 
7 
— 

— 


cycles at which P reaches the minimum value ‘tor discontinuing 

: Y the test or the specified number of cycles at which the exposure is to be — 

minated, whichever is less; and M refers to the specified number of cycles 4 
at which the exposure is to be terminated. For the purpose of this research, 
the testing of any specimen was to be terminated at 300 freeze-thaw cycles 7 
or at the time when the modulus of elasticity dropped to 50% o of its initial 

‘number of cycles of freezing and plotted for each specimen, 
| ‘Fig. 4 shows the results obtained for each individual beam in mix I-A 
‘tn ‘tees these six beams were divided into three groups of similar specimens, -, 
three appear on the circled figure at the endofeach | 


Fig. 5 is a ashes of average effect o of freezing on the modulus 
of elasticity of similar specimens from mix II- A, It should be noted that each — 
curve represents the average result from two similar specimens. Similar 
ce graphs were plotted for specimens from I-A, I-B, I-C, II-B, and II-C. = 
ee Fig. 6 summarizes the results of Series I. The values ‘of the relative modu- 
 liof elasticity of each six similar specimens were averaged, Likewise, aver- 
age results” from six similar specimens of mix D in Series I were com- 
. I and plotted on the same graph for purposes of comparison and evalua- 
i tion, Fig. . 7 shows the results of Series II in a similar manner. When a speci- _ 
_ men was withdrawn from the experiment, its contribution to the average of the ; 
7 group was dropped, and the average for the remaining similar specimens only 
was computed. To show this on the graphs, a vertical line was drawn through | 
the appropriate curve at the last average point taken before the withdrawal eal 
fe beam, This will explain the abrupt change in some of the curves. a - | 
_ Table 3 shows the values of the durability factors for the individual a 
2 of Series I at 300 cycles of freezing and } thawing. The average durability fac- 
tor for each six similar beams is given. 


- | 4 summarizes the results of Series IJ in a similar ma manner. « cm 


‘TYPES OF CONCRETE FAILURE 
The decrease in the dynamic modulus of elasticity was measurable in all the 
- specimens tested. In the case of beams ‘numbered 3 and 4 of mixes A, B, and . g 
7 _C where the initial prestressing force was applied after each test of the beam, 
a failure came at an early stage. In the beams numbered 5 and 6, a greater 
: number of freeze-thaw cycles was required to produce failure. In the latter 
ad case, the initial prestressing force was applied before the beginning of the 
test and was maintained permanently throughout the study. As the won rine ng 


"major classifications of deterioration in concrete are recognized as the result — 
unsound aggregates. These are (a) pitting and pop-outs, (b) D-line deterio- 


Pitting is the gradual disintegration of deleterious pieces of aggregates 
near the surface of the specimens Gee to frost. Pop- outs usually take a cote 


which DF Bin test specimen; P denotes the | 
Me 
ig 
= 
gg = 
— 
a 
cantly, A typical failure of a prestressed concrete beam is shown in Fig. 8. 
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shape with the apex at an aggregate particle. “These ar are by r. rapid dis- 
ruption of a saturated piece of deleterious aggregate. Pitting and pop- outs 
were frequent during the experiment. They were the limonite 


: particles in the aggregates. 


fine ‘cracks along the free of the were noted on some 


TABLE 3. FACTORS | SERIES AT 300 CYCLES 


000 
PLAIN 
CONCRETE 


ra 


3 over the entire eg This kind of failure was not observed in this s study. on 
“Fig. shows of (C), -outs (B), and D- line (A). 


In the analysis of the results of any laboratory fi freezing and teenie test a 
Certain facts should be kept inmindg 
No generally accepted freezing and thawing test has been up 
to this time. ASTM specifications list four tentative methods for 
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NOTE: EACH CURVE REPRESENTS THE AVERAGE 
OF SIX 


FIG. 6. —THE EFFECT OF FREEZING AND THAWING ON THE 

DYNAMIC OF ELASTICITY (SERIES I) 
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di determine the length of actual performance of concrete in the ‘field. The 
test is expected to give a general idea about the qualitative behavior of the 4 
exposed to the natural weathering conditions. 4 
= At b best, the results to be obtained from a a freezing and thawing te test are 4 
comparative data on the durability of the test specimens. 


ss _ The accelerated freezing and thawing tests that are performed in the 
are generally considered to be Sv severe 


‘TABLE 4,—DURABILITY FACTORS OF SERIES II BE AT 300 CYCLES 


PLAIN 


* 


AVERAGE 
Freezing and thawing tests specified by, the are » to 
formed on homogeneous beams of concrete. The test used for plain concrete — 
3 specimens was adopted in this research. The steel bars that were inserted at 
center of the beam did not inf. influence obtained in ‘this study for for 
the e following 1 reasons: 


1. The steel bars were used on all beams tested. ° ake the c comparative 
. Bond was not developed between the si steel and the concrete. A 
beam was tested | for its fundamental frequency with the bar in its —_— we 4 


aa 
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FIG. 8. TYPICAL FAILURE OF A POST- 
BEAM SPECIMEN C-3 SERIES 


9.—CONCRETE FAILURE CAUSED BY DELETERIOUS MATERIAL 
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ig then the same beam was tested again with the bar removed. The fundamental § 

a frequencies measured in both cases were identical. This check was a y 
oY frequently during the various — of me experiment and similar results — 


‘concrete was not affected by the unstressed steel bar. 
Beams numbered 5 and 6 of mixes A, B, and C of both series were tested 


for the fundamental frequency ina a post-tensioned condition. The loading 
_ arrangement adopted consisted of a non-bonded steel bar placed axially in the 
Se the beam and post- tensioned, distribution co being used at the 7 


ovided a self-contained ‘system that was tested in a manner 
- similar to that used for the unstressed concrete. In this case, the fundamental — 
frequency of the stressed system was about half the value obtained for the 
same beam with end plates removed, About 5% of the reduction was due to the 
s , the remaining reduction was due to the mass of the end plates and 
. This: is in agreement with the detailed theoretical analysis given by 
Elvery and Furst. 11 When these beams were subjected to the repeated cycles 


of freezing and ‘thawing, the fundamental frequency of the ‘system dropped. ; 


“The deterioration | occurred in the concrete and the post-tensioning of t of the | 
concrete did influence the rate and the nature of the 


"Based on ‘the: results and with limitation variables 


Continuously post- tensioned concrete, having a minimum ultimate 
_ strength: of 5,000 psi after 28 days is effectively more durable than unstressed * 


‘concrete having minimum ultimate strength 3,000 psi after 28 days. 


3. Continuously prestressed concrete is effectively more durable than 

intermittently stress-released concrete of the same mix . Furthermore, in 

four out of the six cases observed, the latter is more than: 
ui unstressed concrete of the same mix, 


‘The authors are grateful to Messrs. ba “Waling and J. F. 
their comments and in conducting the investigation. 
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he. of flow the analysis of physical systems is 
Ae ‘The algebra of flow graphs, including two methods of solution of these graphs, 


rs The setting up and solution of flow graphs is illustrated in a 


mes? The behavior of any physical ‘system can be expressed in terms of a ot of : 

simultaneous equations corresponding torestraints imposed on the system. In b A 

_ ‘particular, the analysis of statically indeterminate structures is usually per- af; 


— sy 


formed by means of a series of simultaneous equations expressing conditions 
of geometry which must be satisfied. Thus, for the fixed beam of Fig. 1, these y 


4, 


-Pdpp=0. 
2% 


in which and P is the applied ij are 


_ Note.—Discussion open until March 1, 1861. To extend the closing is one month, fe 
a writtes request must be filed with the Executive Secretary, ASCE, This paper is part _ 
of the copyrighted Journal of the Structural Division, Proceedings of the American So- mi 
ciety of Civil Engineers, Vol. 86, No, ST 10, October, 1960. 
a 1 Assoc, Prof, of Civ. Engrg., Univ. of Colorado, Boulder, Colo. ORE eos 
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expresses the fact that the ‘moment Ma is a function of the ‘dependent + variable 
Mp and the independent variable P. The coefficients inthe expression, - SAB/ 


5 aa and -5 ap/s aa, are sometimes called “dependences. 


7 f “flow graphs.” This system was —_—., by S. J. Mason and has been ap- 
. plied in electronic and feedback theory. In many cases, this method of rep- ‘ 
|_Fesentatin has been of advantage in several respects. Often, it a 
a inalyst to keep in better touch with the physical aspects of the problem, thus _ is 
enabling him to make appropriate simplifications, and to ‘maintain a certain 
_ confidence with respect to the rationality of the approach. Moreover, methods ca 
have been established for the direct solution of the problem fromthe flowgraph. _ 
‘Thus, the formal writing down of the system of equations is completely bypassed, | 
and the relation between the dependent and independent variables may be ob- | 
tained from the pictorial representation of the various dependences. = 
‘This: paper intends only topresent the basic techniques | of the approach. For 4 
_ mathematical proofs and further details and extensions of the theory and use 
_ of flow graphs, the reader is referred to several works in the electrical engi- 
_ neering literature. 2,3,4,5 Example problems presented here refer to the field 
of structural analysis; applications to other branches of 
‘such and could be cited. 


IES 


able is 3 expressed by directed branches and arrow heads define the Gotten. 
* ‘The effect of any variable upon another is equal to the value of the first vari- i 
a ‘ able multiplied byt the dependence of the branch connecting the nodes representing i“ —, 
a the variables. The value of the Variable any node 


+a x. 


=? + f Bre 
3 « Automatic "Feedback Control System Synthesis,” by J. G. Truxal, McGraw-Hill, 1955, 
eh. “Feedback Theory—Further Properties of Signal Flow Graphs,” by S. J. Mason, 
“Theory and of Flow Graghe, C.S. Lorens, M, I. Thesis, 


Eggs. 1 indicate a functional dependence between the independent variable P, 
— 
| 
| 
4 
A flow graph illustrates the functional dependence between severalvariables. 
™ is represented by the flow graph of Fig. 2. Here, x and y are the independent = oe, ie ol 
4 
by any node is carried by 
A more comprehensive exam — 
— 
— 


x 


: 


— 
— 


which x is an and: 

. any flow graph, a sequence of branches starting ood ending at the same a. 
is called a “loop.” In Fig. 3, the branches A-B-C-AandA-C-A form two loops. “my 
_ Loops touching only one node are called self-loops. In Fig. 3, there are self- 


a loops at nodes Band product of the transmittances of all branches o 
an 


. any loop is called the “loop p product; ” accordingly, in Fig. 3 loo oducts cor- 
to the named loops are cfb, eb, d,andg. 
: _ The method would be of limited value it it were necessary to write the _ 
y ane s prior to drawing the flow graphs, as was done in the preceding « example. 
a In applying it to a physical problem, the flow graphmay be drawn directly from 
a the physical interrelaticns. It is obvious that the necessary prerequisite to . 
- the efficient use of the method is a complete understanding of the problem on ; 
a @ part of the analyst. 
: ee a (da might be to equate the rotation of end A due to the redundant moment, 
* i MA SAA), to the negative sum of the corresponding rotations due to causes 
P(P Sap), and Mp(Mp 5 ap). This is depicted in Fig.4(a). The correspond- 
fo relation at end B is shown in Fig. 4(b), and Fig. Alc ) shows the total flow _ = 
diagram from which the for Maa and Mp can be obtained by methods 


nations ox 


ee The operations | of this section may be performed on flow graphs as 

Bi _ changing their significance. Allof these rules can be derived by consideration © 
of the algebraic equations which are represented by the graphs. As deration 
Of a typical proof, rule 3 is derived in the following; the validity of the other 


rules can easily be demonstrated in an analogous fashion. For complete de- 


rivations, or demonstrations of validity, another source should be consulted. a 
ue _ Elimination of a node: Two Beapehee in series may be replaced Bag a 


2. Elimination of a branch: ‘Two branches in parallel may be by 
a single branch, the dependence of which is equal to the sum of the dependences © a 
of the original branches. Thus Fig. 6(a) equals Fig. 
Shift of the head end of a branch: The terminal end of a branch. may be 
aa "shifted from one nods to an adjacent node, if the flow diagram is changed in ms 
tan "appropriate manner. This manner is best Ailustrated by reference to Fig. . Ta) Ue. ke 
showing part of a flow diagram. Branch FB, of dependence f, is to be 
from the old terminal node, B, to the new terminal node, C. This can be done aa 
Branch FBis transferred to Node C, and its dependence is multiplied 
; by the dependence of the branch flowing from the old to the new terminal 
‘The starting node, F, is connected to all receiving branches _ 


from the old terminal node, with the exception of the new terminal node. be 
The dependences of these new branches are equal to the dependence of | the: 
shifted branch, f, multiplied by the dependence of the branch connecting the 


old terminal node, B, with the node corresponding to each new y branch Thus a =; 


. ei the new branch, FE, of dependence fd, is introduced. a 
bee The result of these two operations is shown in Fig. 7(b). 
this operation follows. The relations : shown in Fig. Ta) the 
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braic of the set of equations 


pad appropriate wine tit tion, ‘this set can 1 be rewritten. so as to show the ‘a 


between the o c and E and the independent variables A 


the branch flowing from the new to the old starting node (in that direction). mei 


wart 


the and E' in terms of the ine 


variables A and F, the quantities 


are Eqs. and 7, it is is seen that the Cc ond 
and E and E' are identical, thus showing that the > operation does not change the —_ 
4, Shift of the tail end of a branch: The starting end of a branch may be > 


shifted from one node to an adjacent node if the flow diagram is changed ina re: 

‘manner analogous 

a The tail end is shifted from the old to the new starting ‘node, and its” . 

depute. is changed to the product of its original dependence and that . 4 = 
ee b. All other nodes, except the new starting node, sending branches to the - ; 

starting node are connected to the terminal node. dependences 

_ these new branches are equal to the product of the dependence of the shifted 

branch and that of the branch connecting the with the old 

ig. 8 shows an of ‘this operation, Branch AD of is to 
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FLOW GRAPHS 


5. of self loop: Any self loop can be removed if the dependences 
oe of all branches entering the node in question are divided by the quantity qa Som 
dependence of loop). ‘This: operation is exemplified in 


SOLUTION OF FLOW GRAPHS 
_ Two different methods are available for solving a system | of equations ex- 
- pressed in terms of a flow graph. The first one makes use of the prior named p 
_ operations to reduce gradually the flow graph to one (or more, depending on ‘ 
_ the number of independent variables) branch indicating directly the otal 


=e cause (input) and effect oan . This step by step reduction cor- | 


fence, the solution can be performed quite rapidly. 
‘The system represented by the flow graph of Fig. 3, and again shown 1 

Fig. 10(a), will be solved by this method. Figs. 10(b) to 10(f) show the 

Fig. 10( (f), the the value of A is obtained of the independent vari- 
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val yields the — variable Cas 


ee) 
The ‘second for the solution of flow graphs isa more formal 
a ; one, , making use of certain relations between the properties of flow graphs and a ; 
theory of determinants. so called “ “Loop Rule” used in this method, 
and its proof, have been given by S. Mason. 
Before stating this rule, it is ‘necessary to define “disjoint loops. ‘Two 
- loops are said to be disjoint from one another if they do not I have any nodes in . 
_ common, Fig. 3, for instance, does not have any disjoint loops, except the self. 


a 
loops at Band C whichare disjointfromeachother, 


rule states tl that be A and id x, there is 


Loop product of nth path between x and A) me 


A = Determinant | of system 


- nth self loop product) . 
D4 (1 - Self loop product disjoint from 
product 1) (Loop product (1 - - nth self loop 


disjoint from 1 and m)] 
Loop product 1) (Loop t 


_ Self loop product disjoint f from 1 


In this the loop m, han are disjoint from each jeer. The 
is continued until all disjoint loops in the system are by 


Xp is the of all quantities xp Xp 


= co- stiliiin of nth path between x and A; and An = determinant of part 


disjoint from nth path betweenxandA, = 
_ To demonstrate the use of the loop rule, the value of the dependent variable ae 
C in Eqs. 3 is calculated in terms of "Referring to Fig. 3, there are two paths 
between x and C, acf, and ae. The determinant 
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There are no paths from x to c ‘disjoint inate, each other; next, co- tial for Me : 


acf and ae are, 


-d) 
a) 
be l-d) 


« 
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th 


therefore 


act + ae(1- 

- cfib + be(1-d 

ue. 


7 A regular scheme can be set up for elastic structures of any degree of lll % 
determinacy. A typical model can | be set up in terms of a continuous beam 


ith a number of redundant reactions to the degree of indeterminacy consid- 
ered, A reasoning very similar to ‘the one of the example of Fig. 4 may be he 4 
7 used. For the two times indeterminate beam of Fig. 1i(a), the interior re- r: 


actions may be considered as redundants. At point B, for 


5 
— | 
44 


Opp 

use of f the x val Fi 


etermined to be 


For more compliented structures, the can very ex- 


. Figs. st general flow graphs for structures 


of three and four ‘degrees of indeterminacy. Due to ‘effects. 
> all redundants, there are branches connecting every variable to every other — 


_ Often, the analyst has the choice of the forces to be considered as redun- 
dants. For instance, it is that consideration of mom- 


to the flow graphof Fig. 11(b). To solve the system, the step-by-step process 
is: usted in Figs. 11(c:) to (e). By inspection of Fig. 11(e), the value of the 
| 
| a 4 

— 
a 


ents of a continuous | beam as) redundants will lead to a solution t than 
the previously utilized scheme. This also can be illustrated handily by us use of 
- flow graphs. Fig. 13(b) shows the flow graph obtained by equating rotations Fe 
é on b both sides of each interior support due to the various possible causes. Here, 


5 | for instance, denotes the of the beam end to the right of sup- 


ena 


port B ‘due ‘to a unit moment at end Cc of “the : same beam Redundant 
are considered positive as shown inthe figure, and positive rotations are clock- s 


quicker than of the corresponding graph of Fig. 12(a). “Additional 
Spans can easily be accounted for by extending the scheme shown, | 
a ie ee. Useful results can be deduced in the course of reduction of the graph of Fig, 
ee -13(b ). It should be noted that the numerator of the value of the self loopat node 
D weet the flexibility coefficient of the part of the beam to the right of a 
‘point D. Now, in the course of reduction, the graph of Fig. 13(c) is obtained, — oe 4 
_ By analogy with the foregoing, here again the numerator » of the self loop at Cc as 
_Tepresents the rotational flexibility of the total structure to the right of point 
; ae For purposes of stress analysis, the beam with the end restraints of flex- ea 
__ tbilities shown in Fig. 13(d) may thus be substituted for the beam of Fig. 13(a). 
Reductions of this. type are useful in influence line 
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“ASCE. — —Mr. used and integration to illustrate ‘the 
ey error of the approximation in assuming that a distributed plastic curvature is Bs 
- concentrated at the > point of maximum moment. Actually, as stated inthe paper, 

a for any given span, including non-prismatic and curved spans, the location of 

_ this concentration for exact results is at the centroid of the distributed curva- g 


ture. This principle is based on the linear relationship begmrag the location a 


This linearity is expressed the general case by first terms of the 
rie equations at the top of Fig. 3 (Yo being a linear function of Kp), and it is also 


by} Mr. . Augusti’ lines, which must always be linear 


error “for extremely diagrams, the actual location of 
centroid can be computed. Although this error was insignificant and thus 


Mr. Augusti that this error may occasionally be significant. ceuing ee Mead 

_ Mr. Renzulli’s analytical determination of the M -¢relationshipfor a rec- 

-— tangular section of an ideal material, being outside the scope of the paper, will 
not be commented on here. References were listed in the paper for work in 
this area for steel and reinforced concrete. Mr. Renzulli’ s expressions f 
plastic angles, his Eqs. (6) and (7), are identical to those in Fig. 2 of the pl 
Mr. Renzulli’s Eq. (8), the the aioe equation for joint continuity, is interest- ai 


ly general, terms expressing the joint angles from | sway ‘should be added & 
this equation. _ As the discusser stated, direct solution of the system of non- 
linear simultaneous equations obtained by writing this equation for all joints is 
practically impossible. He therefore recommends that the non-linear terms 
be estimated using an assumed set of moments, and that the resulting linear 
system of equations then be solved for the moments and sways. 
- moments and sways so obtained will not agree with the assumed moments and — 


4 
sways, and new trials based on new ‘sets of assumed moments will be — 


Actually, this algebraic procedure is equivalent to the numerical pro- 
cedure of the wee, Be: only important difference being thes, in n the latter the 
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December, 1958, by Lawrence P, Johnson, Jr, and Herbert A. . Sawyer, Jr. 
Special Design Engr., Water Bureau, Metro. Dist, Comm., ee: Conn. Weta 
? Prof. of Civil Engrg., Univ, of Connecticut, Storrs, , Conn, 
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over an algebraic. method is well. ‘known. with electronic ‘computers 
this superiority is reduced). _ For example, for the algebraic solution of Ex- aes 
ample 2, each trial would involve the solution of 22 equations for 22 unknowns Dees 7 
the corresponding soiution by moment distribution four: 
the other hand, the inter usting alternative approach to problem 


regions, is like the 1e method of the paper in that it uses moment distribution for 

each trial. To the authors, however, an important point of difference is that. De 
_ the spring constants of the elastic springs change with each trial, 1 necessitat - - 

a of the fixed- end- moments, relative and carry- 


ses 


_ The design of a structure usually involves nes for several oil 


ee, and several moment-distributions are required for each elasti- 
plastic analysis. Because of this repetition, the authors ‘recommended and 
use of unit- moment distribution factors as the most efficient method 
: The authors agree with Dr. -Rosenblueth that the ad- 
: vantages of this ‘method diminish as the number of joints | increase. However, 
ee - this method is optional, and the usual method of moment distribution may be 
reverted to at any time in without affecting -over- 
Mr. Renzulli and Dr. ‘Rosenblueth present inhareation 
of the general method of the paper, the former a method in which the elastic _ 


_ ‘ defor mations are neglected, Fig. 8(b), and the latter a method following Baker 
_ in which there is a sudden and complete transition from elasticity to plasticity 


without strainhardening Fig. 8(c) ). Both of these methods are compromises 
between the general elasti- -plastic method of the paper and the well- . 
simple rigid-plastic theory, and the potential value of these compromises * 
A that they may, unlike simple plastic theory, account for deformations, and that — 
this ¢ accounting may be accurate enough for 


y ‘lect of elastic strains is generally g good for “homogeneous | and reinforced con- 

_ crete sections”. The ratio of total elastic to total plastic angle change for any 
member with a linear moment diagram is equal to the ratio of the elastic to 
areas” below the level of M of the M Ma). 


and (2) and his Fig. 2, using his Sideal” stress- strain relationship with 
€r = 3€5, ‘this ratio has been calculated to be about 5 for M = My, and it ap- a 
wr oaches infinity asM approaches Me. Elastic strains seem to be equally im- P 
portant for reinforced concrete. As an example, for the M - relationship 
used in Example 2, based on tests of reinforced concrete, the minimum ratio 
_ of elastic angle to plastic angle for a linear moment diagram is 3.8. Certainly 
: the major source of strain cannot be neglected in a strain analysis. Therefore, % 
_ the approximation of Fig. 8(b) should not be used for reinforced concrete. _ 
ak As for steel, tests recently conducted by one of the authors at the University 


: of Connecticut yielded, for rolled steel sections w with linear moment oe 


moments of each trial are obtained by a moment distribution rather than by 
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sections with rather slender elements were used for many of these tests, the 


lower ¢ of these ratios is probably thes usually-used 

than the higher. these ratios are much lower than those 


‘portant purpose of a strain opener is presumably to detect those , structures: 
_ which a limiting strain may prevent attainment of the ultimate load indi- cb 
a cated by the rigid- plastic theory. Unfortunately, those members with the small- va 
est limiting strain are also the members with the highest ratios of elastic to 
_ plastic angles. Hence, the error of this approximation is greatest (and on the 


unsafe side) for the very members or structures for which a strain 


a a elastic portion of the moment curvature diagram for rolled steel sections, 
-—s Consisting as it does of an essentially horizontal, “true plastic” line and an in-— 

clined strain-hardening or “modified plastic” line, as shown in Fig. 1(b), can- i 
4 not be accurately represented by any single line. 
oe ‘The two other possible purposes of a strain analysis of a steel structure in 
"the plastic range should also be mentioned: one is the determination of the 
: amount that strain-hardening will allow the load on a structure to exceed oe | 
fully- fue ultimate load, and the ‘second is the determination of deflections. 

mL 


FIG. 8.—COMPARISON OF M - 


-of- -elastic-strain steel v. very ‘questionable. 

_ The Baker-Rosenblueth approximation avoids the above errors by a 7 
ing for elastic strains, and thus the authors would agree that this approximation — 
is of potential value for reinforced concrete design. Since one of the = 4 
has recently discussed the relationship between this approximation and the % 

z - elasti- plastic methods in these pages, (15) further discussion will be limited to _ = 
_ two observations. One is that the strain- ~hardening portion of the M-¢ all 4 
neglected in this” approximation, is essential for any rational de- 

termination of the plastic-region curvatures at the time the limiting strain is _ 
_ attained, and therefore essential for rational determination of ultimate hinge- oe 
eS capacities. (2) Second, the authors believe that at this advantage and the mA 7 

advantages(15) of elasti-plastic methods which result from use of the full 
ie M- - ¢ relationship do not seem to be outweighed by any increase in computation - 
al difficulty. It is primarily a lack of definitive information on M -¢ ae 

is ships which presently discourages use of elasti-plastic methods for i 

"ae _ The authors appreciate Dr. Rosenblueth’s elaboration on the possibilities, 


- Valuable in design, of { making stru structural changes" at intermediate stages of a 
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October, 1960 
limit analysis. As Mr. ‘Eremin mentioned, the elastic properties ae with an 
-elasti-plastic method are independent of the magnitude, location, or quantity 
of the plastic regions, the designer can adjustments in reinforcing 
steel without redoing previous computations and without change of procedure > 
Paes Eremin’s presentation of an alternative graphical method of moment © 
distribution, with its attendent advantage of pictorial clarity, is appreciated. fait 
- _ A word about the relationship of the elasti-plastic methods of this a : 
a preceding paper (2) is in order. ‘The method of the preceding paper is = 


lutions, and it should be used for an elasti- -plastic solution in any situation a e 
_ which the column analogy is suitable for an elastic solution. The methodof — 
a the present pap2r is analogous to the Cross moment distribution method ae 
for elastic solutions, and it is suitable for elasti-plastic solutions in situations — — 
which moment distribution is suitable for elastic solutions. 
we The authors thank the discussers for their imaginative and valuable contri- Ber 
butions: to ¢ our of the elasti- -plastic behavior, analysis, 
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ITALIAN ARCH DAM DESIGN AND MODEL CONFIRMATION@ — 


G. AND N. s. -TRAHAIR. The be 


for his paper on arch dams in which he has traced the trends in modern con- — 


Pe crete dam design to the double curvature arch dam and has indicated Italian. . 
“i a design methods for this type of dam. In Australia there is a growing interest — 
. in recent developments of the arch dam by European designers. Without nie 
hand knowledge of the inter-relation of the various innovators of these develop- Ml 
ig ments, it appears that the tensile stresses at the base of cantilevers in a —- | 
is curvature dam gave rise to the concept of the “active” cantilever, which in it 
| Thence a the notion of vertical membrane stresses near the foundation. — 4 
Thence it appears as another step to conceive the “active” dome or the mem- Bu. 
"brane shape, wherein bending moments have been reduced to a minimum. The — 
shapes of the Italian membrane dams derived from mathematical and model 
_ studies appear to be similar to those evolved from rubber membrane methods ~ : 


ai a suggested by J. F. Lobo Fialho® of the National Civil Engineering Laboratory, ze 
a Lisbon. The membrane shape should produce a dam with the most efficient use | a 

a oes of concrete. The evolution of the shape from experiment and approximate cal-_ 
appears now to require a basic and Mr.  Oberti’ 


‘The author has rightly emphasized a use of "structural models in the non 
sign of arch dams and his descriptions of some of the work carried out by 
_ISMES show clearly how powerful a design tool model studies can be. The 
_ method of analysis by model studies is extremely versatile and makes it possi- 
to account for a large number of varying site conditions which are difficult 
to include in analytical design methods. = 
‘a Existing theoretical methods of analyzing arch dams are generally only ap- aay 
__- proximate because of the complexity of the design problem and the number il 
cee different effects involved. _ The more sophisticated of these analytical ‘methods 5 
_ are generally very tedious in application. This has discouraged a great many 
- designers and influenced them towards model studies. However, the advent of ie 
— electronic computing machine is changing this ‘state of affairs. The trail = 
load method of analysis, 6 once frightening in ‘its complexity and length, has 
revised by Mladyenovitch™ for solution by electronic computing machines 
and this has resulted in a great saving of time and labour. 


March, 1960, by Guido Oberti, 


s 5 ~° “Principios Orientadores do Projecto de Barragens ns Abobada,” by J J. F. Lobo o Fialho, een 

Memoria No, 67, Bol. Ord, Eng. 4, No. i, 1955, 
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ae ‘ “The Analysis of Arch Dams by the Solution of Linear Equations,” by V. ————- = 


Even at ‘the present time, analytical methods play a gaat 
~ he design of arch dams. By the judicious use of these methods initially, a ee 7 


ally obtained by a trail and error ‘process, each trial being checked either by = 
- model studies (if the specialists and laboratory facilities are available) or by - 
sophisticated analytical method using electronic computing machines. 
te is no set method of attack in the design of arch dams and the — 


has a number of conflicting factors to resolve and several methods of analysis. — 
A method of design to account for both membrane and bending stresses in arch 


Prelimi 
‘-* _ Preliminary selection of arch thicknesses. This may be done either by 
‘assuming that the horizontal arches carry the total applied loads, or by. deriv- 
an equation for uniform strength as indicated by Mr. Oberti. 
_ 3. Preliminary selection of the curvature of the central cantilever so that it 
a follows the funicular polygon of the water loads carried by the central cantilever. 7 ; 
; ae ‘Graphical analysis of the central cantilever as set out by the author, — 
: This ‘changes the total applied water loads Hj to a aan of horizontal water 


such as that reported by Parme.8 
| mo _ 6. Modification of the geometry of the dam following the results of step 5, 
5 Repetition of ste steps 4, 5, and 6 until a satisfactory design 1s 
8. Analysis of preliminary design by either model studies or a more refined 
_ analytical method (in which the water loads Sj would be used), tw 
; 9. Successive adjustment of the geometry of the dam based on the results — 


‘ of step 8 followed by the repetition of the analysis until a satisfactory final de- : 


‘This proposed method of design should be checked by model st studies to de- 
"termine ‘its accuracy and limits | of application. = 
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“Arch Dams with Arches of Variable Thickness,” by A. Parme, Constructional 
Vol. 21, No. 1, May, 1948, 


IMPACT OF COMPUTERS ON ENGINEERING EDUCATION? 


engineering as the author notes. Many organizations, , both public 
_ and private, have used ‘such 1 equipment for ir investigative, design, , and research — 
_ studies for 8 years or more. _ The impact upon engineering educational insti- 
tutions, other than on those which have been concerned with graduate ttallies. : 
in the research. and development of computers f for some time, has been felt 
more ‘recently. Some e engineering schools, even ‘now, have not installed or 
’ ee not have access to electronic computing equipment, while others only ayn 
_ have acquired such machines. One reason for this delay undoubtedly has ‘been £ 
_ the limited funds available » to many schools for the rental or purchase | of a . 
; ‘computer. Other institutions may have put off the inclusion ¢ of computing work — 
in their curricula until definite trends and requirements in what is neededare 
established. As the author points out, ‘however, the university now finds itself 
in the | position of being forced to respond : to the » profound effects of the elec- ; 
_ tronic computer. _ This pressure may, in many instances, be more than slightly 
discomforting. ‘The manner in which the university responds is of utmost 


‘The author states that the overriding question concerning curricular plier 
would seem to be a decision as to whether major emphasis shall be placed on 
educating users of computing equipment or designers « of computing equipment, % 3 
_ The writer wonders if the paramount question concerning curricula is not so F ; — 
¥ much whether designers or users should be produced, but rather how best can dq 
all engineering students be educated in the fundamental overall capabilities 
- i potentialities of ‘computers, regardless of whether they : may go on into the de- 
velopment of new machines or use them to solve engineering problems. | a 
as those taking civil, and mechanical 


q "design of computer hardware or the development of the logic for the machine. : bs 
ma The writer concurs, in in the main, that no new technical courses dealing ex- i aa 


aoa -clusively with computers s need be added to the curriculum to educate either po- a 
tential designers or users. _ There is no more reason to provide le special co courses" 7 


april, 1960, by Gordon P, Fisher, 
Chf., Automatic Data fice of Asst. Commr, and Chf, Engr., 
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tential ture comput of radar, telemetering, or television equipment. 
thorough fundamental knowledge in electronics, solid state 


students can “be better fitted for potential users by providing is 
Fe with a goed foundation in fundamentals, particularly in basic sciences and ‘a 
Sz mathematics, including numerical analysis. A progressive faculty interested ¥ 
x in and with some knowledge of machine computation is indispensable as the au- 
thor | points out. One important responsibility | of all engineering faculties is es: 
impress firmly upon the students that to sit before a desk-type calculator and > 
— do hundreds or thousands of computations is not to do professional engineering 
_ work. _ Doctors have medical technicians to run their laboratory tests and law- 
yers have stenographers and typists to perform the mechanical operations 
= preparation of their briefs. Too many engineers have considered too long 4 
that depressing key-board buttons and reading calculator dials constituted pro- a . 
fessional engineering services. When pressed for | a reason f for so doing, t the 
answer most always is, “This is ; the way we always have done it.” Engineers = 
must be made to know that their profession is going to acquire additional stat- 


ure and ow only through the professional use of their technical talents and s 


training. The application of electronic c computing equipment as a tool to do 
= ai routine and repetitive calculations is a big step toward achieving this goal. a ie 
: some instances this may not be an easy task to perform. Perhaps by constant 
"impressions and suggestions over the longer ‘5-year undergraduate de may bo 
 time- -worn traditions and the “way we have always done attitude may 
ee _ The author presents two important points in his discussion under “Research; ” ' 
namely, that the computer is no substitute for intelligence, and that the. 
puter cannot formulate problems but only follow detailed logical instructions. 
- Due undoubtedly to catchy phrases and misinformation appearing in the aa 
j * press during the early history of computers, many engineers look upon the = 
vices as “magic brains” or ‘ “machines that think.” They were led to believe — aa 
_ that electronic calculators were all powerful in solving all problems, and that = 
ie to use such machines one had to be a member of that exclusive society which 
_ includes Einstein and von Neumann. Engineers in school and those in practice 3 in 
- must be made to know the capabilities and the limitations of computers if they 
A - are to use the machines intelligently as powerful tools. These engineers monred 
- also be made aware that computers are most impartial; they will process non- 


s f pte The writer would like to place emphasis on the author’ s statement that the 


experience that many practicing engineers in the field te in small design offices o = 
are not making use of computers in any manner because of their complete un- 
Ae familiarity with the machines. Remarks are often made in some such form as, _ 
“I don’t know whether I have any problems that can be solved ona computer aa 
e because I don’t know what such machines | can do. ” The university can fill the a 


_ seminars, clinics, and adult education courses in appropriate areas. 
: university should be of service to its ar tog family, not only to those still _ 
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the university should not be called upon to serve, as the author notes. 


_ and professional enrichment. High-speed computing devices give the engineer _ 


DISCUSSION 


Company-sponsored classes may not be possible in many instances, 


because of the lack of trained personnel within a given organization. 
_ The author concludes his thought provoking discourse with two important 


= namely, that the influence which digital computers are having and 


- ~ education is being impelled into an era of genuine enrichment. The writer be- 


lieves also that through the intelligent application of the electronic computer, F 


the engineer himself is entering into an era which will be full of both personal __ 


anew tool which will permit him to drop the role o numerical technician and “a 


“Wes 
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by A. A. Eremin— 
ia A. A. EREMIN, 23 3M. ASCE.—Mr. Clough has shown an interesting  * 


in computing critical seismic force, the maximum 
seismic shock is considered. With dynamic equations, greater precision in 
seismic stresses may result by considering the maximum intensity of seismic — 
_ _It is well known that the intensity of seismic shock varies not only w with the © 
magnitude of the nearest fault line and distance of the fault line to the struc-_ 
ture, but also with the geologic properties of the ground at the fault line. 


7 Fig. 3 the graphs for spectral velocity may be changed by inclusion of tt the 


seismic force will 


— 
w of vibration of structures has a wide range of application. 1 
__ The theory ynamic equations from the theory of vibration to the seism 
applying the dyn 
— 
— 
— 
0, by Ray W. Clough, 


| INFLUENCE OF PA OF PARTIAL BASE FIXITY ON FRAME STABILITY? 


as 


EUGENE GUILLARD,15 F. “ASCE. — symmetri- 


-; cally loaded frame, in which he chooses to ignore the primary bending moments 

_ normally associated with this type of frame, that as the column base restraint 
fs increased the effective length of the column is reduced, thus increasing the A 

~ buckling strength of the frame. He also shows that small amounts of restraint 
result in relatively large reductions in the effective lengthof the columns. This 
mould is interesting, but of little practical value to the designer, confronted with a_ 

structure subjected to a normal loading configuration, un until the effect of 
bending moments in the frame can also be evaluated. 


naan and further states that, “At pr present | no suitable method is available 
for determining the critical load of rectangular rigid frames which takes ac- 
~ count of the influence of these bending moments on the stability of the struc- 


ture, ” A paper by E. Chwalla investigating the problem of lateral stability of a 

- rigid frame subjected to transverse loads has also been reviewed.2 The paper 

_ treats a specific problem and the analytical results indicate that the distortion = 4 
_ of the framework prior to buckling, caused by the transverse loading of the 
horizontal member, reduces the buckling strength of the systemonlytoa rather 


limited extent. It remains to be proved, however, that this is generally true. . “7 
or view of the preceding, the critical load computed in the illustrative prob-— a 
; _— is subject to some doubt. It, at | at best, can only be be an upper | bound to the z 
the section on the “Application of the Theory ” and the illustrative ex-_ 
ample in Appendix II there are several assumptions which may be misleading» Ss 
4 and which tend to credit the normal pinned base with a fixity coefficient which __ 
ee is too large. For example, in the expression for the moment-rotation charac- — a 
__ teristics of the base plate connection (Eq. 39) it its assumed that there are a A 
_ compressive strains under the entire base plate throughout the range of inter- a 
ee “4 est. It is of interest to know if this is true. . Also, what value of modulus of 
elasticity ( Ec) should be used? Because, in strain increases 


gard to the stress-strain relationship of the soil under the 
- Considering the stiffness of the base plate connection and the stiffness of t 
footing in the soil, the statement is made, , “Whichever of the two stiffnesses 
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tat 
be more realistic to use a lower value for than that normally associated 
— 
— 
— 


: yields th. the ee, stiffness — in used to determine the coefficient A and thus» 
_ the buckling strength of the frame.” Would it not be more correct toconsider P 
that the two stiffnesses are in end of column would 
_ With regard to the illustrative problem if it is ‘assumed that the top cross he 
beam of the frame supports a uniform load, the maximum total load rae may : 
be applied to the frame whether the column bases are pinned or fixed, » is - 
a "proximately 40 kips using AISC specifications. Under these conditions the foot 
ing assumed in the example ore to be | much too large for the pinned base — 


i?" a final plea for conservatism in the evaluation | of end restraint of col . 


- umns the writer makes reference toa paper16 by F. R. Shanley and quotes 
It 


_... It is important to realize ‘that effi- 


column is a difficult problem. 
ciently designed structures ‘cannot be made proportionately stronger > by a 


 nenenaing the amount of end restraint. This fact, too, was pointed out oo, 


16 “ Applied Column Theory,” by F. R. . Shanley, Transactions, ASCE, Vol, 115, , 1950 
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| of the effect of end reg 
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Discussion Marvin A. ‘Larso on 


. However, the writer feels impelled to offer 
+The mechanism termed by the author | “column | supporting a “roller” should 
7 _ more properly be described as a rocker. This is the terminology used ~ a 
_ similar mechanisms when used at the supports of bridges or similar structures. — 
A rocker is fixed through its center of rotation to the supported structure, and 
S eS but does not move laterally if the support moves horizontally beneath | 2 
the structure. A roller is interposed between the structure and its support. a 
aa the ‘support moves a | distance laterally, the center of the r roller will ‘mov 


d rection and point of application of the thrust delivered by the senphetet struc- 3 
_ to the column will be different for the two cases. ‘For | a rocker, the thrust 
: ee will be delivered through the pivot point and the point of contact with the top of 
EE the column, and will have an inclination equal to the rotation of the top of the a 
column. — For a roller, the thrust passes through the two points of contact be- ’ 


tween supported structure and roller and between roller and the top of the col- 
umn, in general, it does not the center of the | has 


by the author are applicable to this Fig. 13 (c) and 


fa the action of a roller mounting. 4 The stability considerations are dis- -— 

nae Fixed Base Column, Loaded Through a Roller. —If the mechanism shown in | , 
«Fig 13 (c) is subjected to a load of sufficient magnitude to induce buckling of 


2 a column, mest both rotation and translation at the topof the column, the con- — 


“July, 1960, by D. A.Sawyer, 
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The solution to this is: 
y = A cos kx + B B + L + Ro - 


at x =0. 


. 


‘Substitution of the ee conditions into ‘Eq. 46 gives the following: 


a, ae Eq. 53 establishes the magnitude of load which is required for euuittnetens in 

e with the column in its buckled state. It is satisfied byavalue of kL =7. Since — 

both terms of Eq. 53 are positive for all values of k L between zero and 7z, 2 = 

is evident that this is the first mode of the 


the load to the : first mode of is determined to 


‘This is the classic Euler for buckling of a pin 


ee Eq. 54, by substituting a value of 7 for k L, the rotation of the top of 3 
_ the column is determined to be: oO = owhenk L=7. Thecolumn then, in the ue 
at9 first mode of buckling, has equal and opposite moments at top and bottom, and a 
consequently a point of contraflexure at mid length. Note also that the critical ia. 
S load, for the first mode of buckling, is independent of the radius of the roller. ae. 
Lift Slab Columns .—The writer has previously | had occasion to investigate 
_ the stability of lift slab ‘columns, and has derived relationships which are iden- 
tical in effect with those expressed by the author in Eq. 43 and 44. The writer 
; = finds, however, that Eq. . 34 is not applicable to a conventional lift slab column. = 


‘ ett. Referring to the Fig. 12 (a), the column deflection, y, at the elevation of the 

, = ¥ Bi slab must be equal to the slab translation, 6, as the column is encircled by a m 

close fitting collar embedded in the slab. ‘Also, the bending moment in the col- — 

~ at the elevation of the slab must be identically zero, regardless of the 

: We state of buckling, as the load applied by the lifting rods at the topof the column a 
ES is directed along the rods and through the center of the collar, which feororenl 

: centered on the column at slab level. Eq. 34 does not satisfy these conditions. aa 

Eq. 34 describes a structure in which there is no lateral movement of the slab 

’ _ during buckling of the column, and in which the clearance is so large that there | 


. 


— 
— 
— 
4 
— 

if 

| 
(55) 
= 
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lifted toa level which divides the full height of the column into segments Ly a 

/»~ and L2 above and belowthe slab respectively. Buckling may occur either above — 

_ e the slab, as in Fig. 14 (b), or below the slab, » as in Fig. 14 (c), and in general ie * 

will occur in one segment of the column only, the other remaining 


to column base. Fig. 14 (a) shows a column of height with the slab 


4 Rs For buckling above the slab, the critical load i is igi 
cosé 
om below the slab, the critical load 


buckling to occur the length of the column, as in 1 Fig. 14 
critical load must be the same for both segments of the ‘column. 
ires that the slab be located at one third the height of column above the a _—. 
= which case Lj is twice as large as Lg, and =_ two critical loads are equal. ; 1 ; 


of each other in direction and magnitude 
actual lift slab operations, the lengths and Lo are the 
i lift. The most critical stage | for buckling as in Fig. 14 (b) is at the start of the - “er 
Operation when Lj equals L. If the column is stiff enough to resist st buckling at —_ 
this stage, it cannot buckle as in Fig. 14 (c) until the slab has been raised to ae 


_ The author’s treatment, the foregoing discussion, constitute only a brief 


ments which “must be considered in La complete treatment ‘of the subject oan 
given subsequently, not necessarily in order of importance. 
The number of columns involved in a single lift is typically f from 
_ to twelve, and may run to twenty or ‘more. There often is considerable vari- . 
on _— ation in the vertical loads carried by individual columns. The columns may or Pe a 
a = not be of the same size and stiffness. _A buckling failure as in Fig. 14 (c) 
_ po ~ involves the group action of all columns interconnected by the slab, some of | j 
4 a which may be carrying loads above and others below that required to produce a : 
buckling of a single column acting independently. Also, failure may be initiated 
either by a lateral movement of the or, in cases, by a rotational 


: These are distributed throughout the height of the columns. At various ianene e 
_ of the lift they may be considered as simply supported by or rigidly connected — aie 
to the columns, depending on the procedures followed. = 
= = (3) Conditions at the column bases may require some modification of the F 
i. (4) In addition to the vertical at it is necessary to provide for some 


| 
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DISCUSSION 
(5) Ina practical structure, the effects of inaccuracies, and 


tolerances must be considered. The columns may have an initial curvature. ed 
They may not be set exactly plumb. ts The lifting jacks may not be exactly cen- 
tered on the tops of the columns, — and the rods may not engage the centers of a 

a lifting collars in the slab. The collars cannot fit tightly around the a 


_ tween the various columns. 


gh and authoritative treatment of the subject would be 


— 
me Possible variation in rate of advance of the jacks may cause shift of loads me i 
— a 


4 
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BASIC COLL UMN ST STRENGTH 


Discussion ‘by Donovan 1H. Lee 


DONOVAN H. LEE, 18 F. ASCE, It would seem to be of great Interest 


_ to others as well as the writer if the authors would care to give their views on © 


Do they consider that the higher yield often found coupons 


_ taken from the edges of beam flanges compared with the yield strength found at 
- the meeting of the web with one of the flanges to be typical of I beam and H sec- 


41 composition, 
flanges and more or less consistently show a reduced 
F _— yield strength, which can be compensated for bya small increase of the carbon 
itt would be interesting to be sure that the authors consider that the rate of — 2, a 
= ‘cooling is the only cause of the residual stresses reported by them, and also 
_ whether the difference in yield strength of coupons from different parts of the 
section is due to the somewhat lower temperature of the edges of the flanges is - 
when they pass through the finishing rolls or alternatively, partially because ~ ¥- 
those parts become more | worked during the 


x @ July, 1960, by Lynn S, Beedle and Lambert Tal 
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Journal oft the structural | Division 


P. = 9 from bottom. Add the word “ but” to the beginning. of the line 
+ iines 29 and 31. Change | the words “discussion” to “discussions. 
p. “line 32. Change time on one to“ time of one hour.” 


205, 48 and * Replace these lines b by the following: | 


_ of the compass from the east through the north to the west, ai er cor- ia 


responding distances from the tower to the coastline varied between ap- 


Table a to“One mir t 
3 


210. Table 3. the caption, delete the parentheses, 


a oe ‘the table change “Basic Wind - Velocity” to “Basic Wind - Velocity, in mph — 
(See Figs. 5 and 6).” Also, insert the numbers: and 30 into 


> 


after the terms ‘Py P92 Ps and to the P- ‘Ih the line 48 


Py, ‘Pg, a and P3 ” to “Py, ‘Po, P3, and and Py 


— 
— 
— 
™ 
4 
1A or 1B” to “Table 3(a) or 3 (b).” 


£ 


ROCEEDINGS PAPERS 
i technical papers ‘published in the past ye year are identified by number below. Technical- division 
sponsorship is indicated by an abbreviation at the end of each Paper Number, the symbols referring to: Air Ss 
Transport (AT), City Planning (CP), Construction (CO), Engineering Mechanics (EM), Highway (HW), Hy- 
- d@raulics (HY), Irrigation and Drainage (IR), Pipeline (PL), Power (PO), Sanitary Engineering (SA), Soil — 


“Civil Engineering.” 
with Volume 82 (January 1956) papers were published in Journals of the various Technical Divisions. To # 
- locate papers in the Journals, the symbols after the paper number are followed by a numeral designating ei 
a the issue of a particular Journal in which the paper appeared. For example, Paper 2270 is identified as 
2270(ST9) which indicates that the paper is contained in the ninth issue of the Journal of the Srecteral 
Division during 1 ‘ 


VOLUME 85 (1989) 


OCTOBER: 2180(AT4), 2100(AT4), 2191(AT4), 2192(AT4), 2193(AT4), 2100), 2196(EM4), 
-—-2197(EM4), 2198(EM4), 2199(EM4), 2200(HY10), 2201(HY10), 2202(HY10), 2203(PL3), 2204(PL3), 2205 
(PLS), 2206(POS), 2207(P95), 2208(PO5), 2209( POS), 2210(SM5), 2211(SMS5), 2212(SM5), 2213(SM5), 2214 
(SM5), 2215(SMS5), 2216(SMB), 2217(SM5), 2218(ST8), 2219(ST8), 2220(EM4), 2221(ST8), 2222(ST8), 2223 
(ST8), 2224(HY10), 2225(HY10), 2226(PO5), 2227(POS5), 2228(PO5), 2229(ST8), 2230(EM4), 2231(EM4), 
2233(PL3)°, 2234(EM4)°, 2235(HY10)°, 2236(SM5)¢, 2237(ST8)°, 2238(PO5)°, 2239(ST8), 2240 
242(HY11), 2243(HY11), 2244(HY11), 2245(HY11), 2246(S , 2247(SA6), 2248 
(SA6), 2249(SA6), 2250(SA6), 2251(SA6), 2252(SA6), 2253(SA6), 2254(SA6), 2255(SA6), 2256(ST9), 2257(ST9) 
2258(ST9), 2259(ST9), 2260(HY11), 2261(ST9), 2262(ST9), 2263(HY11), 2264(ST9), 2265(HY11), 2266(SA6), 


(HW4), 2279(HW4), 2280(HW4), 2281(IR4), 2282(IR4), 2283(IR4), 2284(IR4), 2285(PO6), 2286(PO6), 2287 
PO6), 2288(PO6), 2289(PO6), 2290(PO6), 2291(PO6), 2292(SM6), 2293(SM6), 2294(SM6), 2295(SM6), 2296 
(SM6), 2297(WW4), 2298(WW4), 2299(WW4), 2300(WW4), 2301(WW4), 2302(WW4), 2303(WW4), 2304(HW4), if 
2305(ST10), 2306(CP2), 2301(CP2), 2308(ST10), 2309(CP2), 2310(HY12), 2311(HY12), 2312(PO6), 2313(PO6), 
2314(ST10), 2315(HY12), 2316(HY12), 2317(HY12), 2318(WW4), 2319(SM6), 2320(SM6), 2321(ST10), 2322 

VOLUME (1960) 


: , 2333(EM1), : 34(EM1), 2335(HY}), 2336(HY1), 23 
2330(HY1), 2341(SAl), 2342(EM1), 2343(SA1), 2344(ST1), 2345(ST1), 234 


FEBRUARY: 2955(COl), 2356(COl), 2357(CO1), 2358(CO1), 2359(CO1), 2360(CO1), 2361(PO1), 2362(HY2), 

3363(ST2), 2364(HY2), 2365(SU1), 2366(HY2), 2367(SU1), 2368(SM1), 2369(HY2), 2370(SU1), 2371(HY2), 
2372(PO1), 2373(SM1), 2374(HY2), 2375(PO1), 2376(HY2), 2377(CO1)©, 2378(SU1), 2379(SU1), 2380(SU1), 
2381(HY2)°, 2382(ST2), 2383(SU1), 2384(ST2), 2385(SU1)°, 2386(SU1), 2387(SU1), 

MARCH: 2393(IR1), 2394(IR1), 2395(IR1), 2396(IR1), 2397(IR1), 2398(IR1), ‘2300(R1), 2401(IR1), 

2403(IR1), 2404(IR1), 2405(IR1), 2406(IR1), 2407(SA2), 2408(SA2), 2409(HY3), 2410(ST3), 2411 

(SA2), 2412(HW1), 2413(WW1), 2414(WW1), 2415(HY3), 2416(HW1), 2417(HW3), 2418(HW1)°, 2419(WW1) 

-2420(WW1), 2421(WWI1), 2422(WW1), 2423(WW1), 2424(SA2), 2425(SA2)°, 2426(HY3)°, 2427(ST3)°. 
2428(ST4), 2429(HY4), 2430(PO2), 2431(SM2), 2432(PO2), 2433(ST4), 2434(EM2), 2435(PO2), 2436 
(ST4), 2437(ST4), 2438(HY4), 2439(EM2), 2440(EM2), 2441(ST4), 2442(SM2), 2443(HY4), 2444(ST4), 2445 
(EM2), 2446(ST4), 2447(EM2), 2448(SM2), 2449(HY4), 2450(ST4), 2451(HY4), 2452(HY4), — 2454 Le 
(EM2), 2455(EM2)°. 2456(HY4)¢, 2457(PO2)¢, 2458(ST4)°, 2459(SM2)¢. 
MAY: 2460(AT1), 2461(ST5), 2462(AT1), 2463(AT1), 2464(CP1), 2465(CP1), 2466(AT1), 2467(AT1) 2468(SA3), 
2469(HY5), 2470(ST'5), 2471(SA3), 2472(SA3), 2473(ST5), 2474(SA3), 2475(ST5), 2476(SA3), 2477(STS), 2478 
(HY5), 2479(SA3), 2480(ST5), 2481(SA3), 2482(CO2), 2483(CO2), 2484(HY5), 
(CP1)¢, 2488(CO2)¢, 2489(HY5)©, 2490(SA3)°, 2491(ST5)°, 2492(CP1), 2493(CO2). 
JUNE: 2494(IR2), 2495(IR2), 2496(ST6), 2497(EM3), 2498(EM3), 2499(EM3), 2500(EM3), 2501(SM3), ‘2502 
(EM3), 2503(PO3), 2504(WWw2), 2505(EM3), 2506(HY6), 2507(WW2), 2508(PO3), 2509(ST6), 2510(EM3), 2511 


2521(HY6), 2522(SM3), 2523(ST6), 2524(HY6), 2525(HY6), 2526(HY6), 2527(1R2), 2528(ST6), 2529 
(HW2), 2530(IR2), 2531(HY6), 2532(EM3)°, 2534(WW2), 2537(PO3)¢ 
‘JULY: 2541(ST7), 2 2(ST7), 254 SA4), 2544(ST7), 2545(ST7), 2546(HY7), 2548(SU2), 2549(S 
 -2650(SU2), 2551(HY7), 2552(ST7), 2553(SU2), 2554(SA4), 2555(ST7), 2556(SA4), 2557(SA4) 2558(8A4) 
AUGUST: 2564(SM4), 2565(EM4), 2566(ST8), 2567(EM4), 2568(PO4), 2569( P04), 2570(HY8), 571 (M4) 
2573(EM4), 2574(SM4), 2575 (M4), 2576 (EMA), 2577(HY8), 2578(EM4), 2579( PO4), 2580 
(M4), 2581(ST8), 2582(ST8), 2583(EM4)¢, 2584(PO4)¢, 2585(ST8)°, 2586(sm4)°, 2587(HY8)¢, 
_ SEPTEMBER: 2588(IR3), 2589(IR3), 2590(WW3), 2591(IR3), 2592(HW3), 2593(IR3), 2594(IR3), 2595(IR3), 2596 
(HW3), 2597(WW3), 2598(IR3), 2599(WW3), 2600(WW3), 2601(WW3), 2602(WW3), 2603(WW3), 2604(HW3), 
2605(SA5), 2606(WW3), 2607%(8A8), 2608(ST9), 2609(SA5)°, 2610(IR3), 2611(WWw3)°, 2612(ST9)°, 2613(IR3)°, 
OCTOBER: 2615( 2616(EMS), 2617(ST10), 2618(SM5), 2619(EM5), 2620(EM5) , 2621(ST10), 
 2622(EM5), 2623(SM5), 2624(EM5), 2625(SM5), 2626(SM5), 2627(EM5), 2628(EM5), 2629(ST10) 
2631( POS)°, 2632(EM5)°, 2633(ST10), 2635(ST10)¢, 
- Discussion of papers, by divisions. 


— — 
— — 
— 
— 
— 
— 
— — 
— 
— 
— 
— — 
— 
— 
— 
— 
— 
— — 
— — 
— 
‘Cx 
— 
— 
— 
— 
— 
— 
— 


PAUL L. HOLLAND CHARLES B. MOLINEAUX 


ber, 1960: 
bg RUTLEDGE 


DANIEL B. VENTRES 


: CHARLES w. 


DONALD H. MATTERN_ 


PAST PRESIDENTS 


| OF THE SOCIETY 


SCHWARTZ 


Assistant Editor of Technion Publications 


j. AMERICAN SOCIETY OF CIVIL ENGINEERS 
PHILIP | THOMAS J. FRATAR — 
ASSISTANT SECRETARY ASSISTANT TREASURER 
, Manager ef Technical Publications 
TILTON E. SHELBURNE WAYNE 6. O'HARE 


‘Be 


